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I .  General Introduction and Account of the Born-Haber Cycle 

This review article gives an account of the calculation of the lattice 
energies of ionic solids, the results of such calculations for a large num- 
ber of salts and the application of these results and calculations to  8ome 
prohlems in inorganic chemistry. No attempt has been made to  deal with 
the many important topics, involving lattice energy calculations or cal- 
culations of a similar type, which lie outside the region of inorganic 
chemistry. Examples of such topics are the calculation of the surface 
energies of crystals, the energies of formation and of movement of point 
defects in ionic solids and the crystal spect58 of ionic solids. 

The last comprehensive review of lattice Gnergy calculations was pro- 
duced by Sherman (114) in 1932. Since then no extensive review of re- 
sults and calculations has been undertaken, though there have been 
several accounts of various aspects of the subject. Pritchard (108) in 
his review of values of electron affinities has discussed a number of lat- 
tice energies. Kapustinskii (67) has given a brief and uncritical account 
of the work of the Russian school in this field. There is an excellent 
chapter on the calculation of the lattice energies of the alkali halides 
in Seitz’s (113) book, and Partington (105) has given an account of 
some methods of calculating Madelung constants. Born and Huang (17) 
have given a very full description of the Ewald (37) method of obtaining 
these constants. 

Historically the quantitative theory of ionic crystals was developed 
between 1918 and 1924 by Born (14), Born and Lande (19, ,%I), Made- 
lung (88) and Haber. In particular Born devised formulae which permit 
the calculation of the lattice energy of an ionic crystal. The lattice energy 
of such a crystal may be defined as the increase in internal energy a t  ab- 
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solute zero accompanying the separation of the constituent ions to posi- 
tions where they are infinitely removed from one another. In order to 
account for the stability of crystals known to be composed of ions it is 
necessary to introduce forces between the ions that are noncoulombic, 
for no stable equilibrium is possible in an electrostatic system of charges 
unless other forces are present. 

The history of the development of the theory of lattice energies is 
largely an account of the development of the ideas about these non- 
coulombic forces. Though they are discussed in detail in Section I1 it 
is convenient to summarize the various expressions for the lattice energy 
involving these forces that have been developed and to designate them 
by the names that will be used for them in later sections. 

(a) Born-Lande or Born Equations 

Here N A  is Avogadro’s number, M is the Madelung constant,, z1 and z2 

are the valencies of the ions, e is the charge on the electron, r is the dis- 
tance between unlike ions, and B is a constant. If the fact that at the 
equilibrium distance r0 of the ions in the crystal (dU/dr),,, = 0 is utilized 
then 

(b) Simple Born-Mayer Equation 

Here B’ is another constant and p has the dimensions of a length. Again 
if (8U/8r)r=To = 0 is utilized 

(c) Extended Born-Mayer Equation 

Here iVAC/r6 and (9/4)Ndhvmnr are terms introduced to allow for the 
induced dipole-induced dipole forces in the lattice and for the zero point 
energy of the lattice respectively. 

(d) Huggins Treatment 
This treatment is similar to the extended Born-Mayer exccpt that 

adjusted crystal “basic” radii are used to obtain B’ and optical data on 
the crystal itself to obtain C .  
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(e) Ladd and Lee's Equation 
Because of the difficulty of assigning basic radii in many salts, 

(aU/ar),,, = 0 is used and the expression 

is derived. 

Quite apart from its theoretical calculation, by the use of one of the 
expressions developed above, it is possible to relate the lattice energy of 
an ionic crystal to various measurable thermodynamic quantities by 
means of a simple Hess's law cycle. This cycle was first proposed and 
used by Born (15) and represented in its familiar graphical form by 
Haber (48). It is now usually referred to as the Born-Haber cycle. The 
cycle is given below for a uni-univalent salt in terms of enthalpies. 

' 4  
+X in. n o r m o l ~ - ~ ~ o  N9)- xiof 
chemical stote 
ot 2 5 O  

All the magnitudes refer to 25°C and 1 atm. 
AH,OMX(S) is the enthalpy of formation of the crystalline salt. 
AH,OMX(aq) is the ent,halpy of formation of the salt in aqueous 

.%Hao is the standard enthalpy of solution of the crystalline salt to 

U is the lattice energy of MX at 298.3"K (25°C). 
U + 2RT is the corresponding lattice enthalpy. 
H is the enthalpy of hydration of the two gaseous ions to unit activity. 
E is the electron affinity of the X radical. 

solution at unit activity. 

unit activity. 



LATTICE ENEBGIES 161 

I is the ionization potential of the metal atom. 
AH,OX(g) is the standard enthalpy of formation of the X radical in 

L is the enthalpy of sublimation of the metal M. 
From this cycle the following independent relations may be derived. 
(a) Between the lattice energy and the combined ion-hydration en- 

the gas phase. 

thalpies 

U =  -H+AHa0-2RT (7) 

(8) 

(b) Between the lattice energy and the electron affinity 

AHfoX(g) - E = U + 2RT - I - L + AHf'MX. 

The quantity AHtoX(g) - E is often called AHjoX-(g) and the 
quantity I + L, AH,OM+ (g) as can be seen from the equation 

MX(s) + M+(g) + X-(g), AH = U + 2RT (9) 
whence U + 2RT = AH,OM+ (g) + AH,OX- (g) - AHjoMX(s). It must 
be remembered that U here is U298-I(, the lattice energy at  25"C, and that 
this is related to the lattice energy UO a t  0°K by 

UT = Uo +l [C,(M+) + C,(X-) - C,(MX)]-dT - 2RT. (10) 

It is usual to assume that the specific heats C,(M+), C,(X-) are 5/2 R 
cal/mole in which case the relation becomes 

T 

UT = Uo + [3R - C,(MX)]*dT. (11) LT 
It must be remembered that the lattice energy given by the Born- 

Haber cycle is an experimental lattice energy and is not .dependent upon 
the nature of the assumptions made about the bonding in the crystal. The 
classical theoretical calculations are of course dependent upon the as- 
sumption of the ionic nature of the bonding in the lattice. Because of 
this the Born-Haber cycle has been used mainly for three purposes. 

(a) When it seems reasonable to assume that the lattice is ionic the 
cycle is used to calculate AHtoX-(g), = AHtoX(g) - E,  from U, and 
hence to calculate either E or AH,OX by the use of subsidiary data. An 
indirect check on the validity of the assumption of ionic nature and on 
the accuracy of the calculation is provided by the constancy of the 
value of AHf0X(g) - E from salt to salt. 

(b) When the lattice may not be totally ionic the cycle is used to 
derive an experimental value for the lattice energy, which may then be 
compared with that given by the ionic theory. If the experimental lattice 
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energies are systematically higher than those obtained from the classical 
ionic theory there is probably an appreciable nonionic contribution to  
bonding in the crystal. 

(c) If an approximate ionic structure can be assigned to an unknown 
or hypothetical compound then its lattice energy can be calculated and 
the Born-Haber cycle often used to  derive a value for its enthalpy of 
format ion. 

ti. The Calculation of lattice Energies 

A brief account will be given in this Section of the various methods 
that have been employed to calculate the lattice energies of ionic crys- 
tals, starting with a discussion of the extended classical calculation. Each 
term in this calculation will be discussed separately. 

A. THE EXTEXDED CLASSI('AL CALCCLATION 

1.  The Madelung Term, U.v 

This term arises from the electrostatic interaction of the point charges 
with which the ions have been replaced in the theoretical consideration 
of the problem. The interaction energy of two point charges zle and z2e, 
distance r12 apart is z1z2e2/r12. Similarly, the total electrostatic energy 
tTAf of n such charges of magnitude zd (i = 1,2,3, . . . , n) is 

in which the summation extends over all pairs of charges, each pair being 
considered. This may also be written in the form 

where the summation is now a double sum over all charges and the su- 
perscript prime indicates that the cases i =  j are to  be excluded. For 
binary crystals such as sodium chloride, sodium nitrate, and calcium 
fluoride, the results can always be expressed in the simple form 

Here I'af is the energy per mole; z+e and z - e  are the absolute values 
of the charges on the positive and negative ions; 1 is one of the charac- 
teristic crystal dimensions; K.4 is the Avogadro number and M i  is the 
Madelung constant, a pure number characteristic of the crystal structure 
and independant of the dimensions of the lattice. 
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The series for the Madelung constant cannot be evaluated by un- 
critical summation because it converges with extreme slowness. Two 
general methods are available for summing the Madelung series; the 
first is to arrange the terms so that summation takes place over electro- 
neutral layers and the series converges sufficiently rapidly to be summed 
directly; the second method is to replace the point charges with a dis- 
tributed charge and then use a mathematical manipulation to obtain a 
quickly convergent series. Both methods have been used though the first 
is only convenient in the case of crystals of high symmetry. Kendall (73) 
was the first worker to obtain a Madelung constant by the first method 
and later Evjen (36) evaluated the Madelung constants of NaCl, CsCI, 
ZnS, and CaC03 by considering the lattice to be built up of cubical or 
rhombohedral shells around a central ion and by summing over each in 
turn. However in the case of CsCl and CaC03, de Boer (25) and Krishnan 
and Roy (75) have pointed out that a correcting term for the residual 
electrical double layer has to be added because, since these crystals are 
body centered, the cubes and rhombohedra around the central ion are not 
electrically neutral but alternate in sign. The magnitude of this correct- 
ing term has been calculated by the above authors. Hojendahl (52) used 
a similar method of summation to Evjen, to obtain the Madelung con- 
stant of NaCl and of NaCl lattices distorted along a trigonal axis. By 
treating CsCl and CaC03 as distorted NaCl lattices he summed over 
neutral rhombohedral shells and avoided Evj en’s difficulty. The method 
of summation recently described by F. C. Frank (39) is essentially of 
this type. 

The first actual evaluation of a Madelung constant was made by 
Madelung (88) who used the second method. He represented an infinite 
row of charges with periodic repetition by a Fourier series. The poten- 
tial for a point outside the row has the same periodicity as the charge 
distribution. By extending the above method, an expression for the po- 
tential of a plane of alternating charges may be derived. The potential 
for the entire crystal is found by decomposing the lattice into neutral 
rows of points and lattice planes and then calculating the potential due 
to each plane and row. Madelung’s method though giving a rapidly con- 
verging series cannot be applied in many cases because of the impossi- 
bility of decomposing msny lattices into neutral lines and planes. 

Born (16) developed a method of computing the Madelung series of 
more general applicability. The unit cell was divided into s subcells by 
means 9f systems of equidistant planes parallel to the sides of the cell 
60 that each ion in the unit cell was located at one of the sublattice 
points (PI/s, Pg/s, Ps /s )  where PI, P2, and Pa are integers which may 
assume the values 0, 1, 2, 3, . . . , 5-1. For R cubic crystal the Madelung 
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constant is then given by 

where p is the number of stoichiometric molecules in the unit cell. S p  is 
defined by 

Born called n ( P / s )  E n(Pl/s, P2/s ,  P 3 / s )  the “Grundpotential.” 
It is the potential a t  the origin of the unit cell of a charge distribution 

cos 2*(mP1+ mzP2 + mZ3) 

and is defined by the formula 

The superscript prime indicates that the cases tl  = t z  = t s  are to be 
excluded. The Born Grundpotential is a special case of the generalized 
zeta-function developed by Epstein (33, 34) and Emersleben (30, 31) 
has evaluated the zeta-function and hence the Grundpotential II (zyz) 
for a cubic lattice for all cases from n(O00) to n(1/21/242) in steps of %. 
He used the ~ ( Z V Z )  so obtained to calculate very accurately the Made- 
lung constants for the cubic lattice types NaC1, CsC1, ZnS, CaFz and 
CueO. Relations between various grundpotentials have been shown to 
exist by Hund (55) ,  by Emersleben (32) and by Sakamoto (111) who 
has summarized them and recalculated a number of Emersleben’s origi- 
nal values. 

Ewald (S7) developed a method for evaluating the Madelung con- 
stants and other sums for crystal lattices which depends on the use of 
a 6-function transformation. This is probably the method of most gen- 
eral application though it suffers from the disadvantage that the con- 
vergence of the series obtained is less rapid than that obtained by the 
Emersleben method. 

An account of the 6-function transformation and the evaluation of 
Madelung constants by this method has been given recently by Born and 
Huang ( 1 7 ) .  Bertaut (8, 9) has shown that if the atoms of an ionic 
crystal are replaced by spherically symmetrical charge distributions, 
f(r), which do not overlap, the Madelung constant can be expressed as 
a single, absolutely convergent infinite series whose terms are a function 
of the lattice vectors in reciprocal space. Ewald’s series emerges as a 
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particular case of Bertaut's approach to the problem. For the case where 
f ( r )  = a ( R  - T)" an expression of the form 

is obtained. 
Here M1 is the Madelung constant based on 1 as unit distance, p is 

the number of molecules in the unit cell, zI is the charge number of atom 
j, V is the volume of the unit cell and h is the magnitude of the vector 
(hl, hz, hs) in reciprocal space or the reciprocal of the spacing of the 
planes (hlhzh3). The coordinates of atom j are zlj, zzj, ZSj.  The sums 
over j are taken over all the atoms in the unit cell. F(h) is the Fourier 
transform of the Patterson function and cp(h) is the Fourier transform 
of the charge distribution f(r). F(h)  is given by 

Templeton (1 17) has examined the rate of convergence of Bertaut's series 
for various functions f(r) and the errors obtained by termination after 
varying numbers of terms. Values of g and +(h) are given in Table I 
fgr various functions f(r) .  From Templeton's. results it is clear that the 
assumption of a linear charge distribution gives the most rapid con- 
vergence down to an accuracy of 0.1% in the Madelung constant. 

TABLE I 
CHARQE DISTRIBUTIONS AND THEIR FOURIER TRANSFORMS 

Atomic shape I@), r < R !7 +(h) 

18(sin a - a cos a)** 
us 

288(a sin a - 2 cos a - 2)' 

7200(a COB a - 3 sin a + 24' 

259,200(a1 i- a sin a + 4 cos a - 4)* 

3/5 
3 

4rR3 
- Uniform 

Linear 26/35 
?rR4 a10 

2rR6 a12 

uR6 ffl' 

-' 25/38 

23/22 

Parabolic 

Cubic 

* a  = 27rhR. 

If, instead of one of the simple functions given in the Table, which 
are equal to zero for all T > R, a normalized Gaussian distribution is taken, 
that is, f ( ~ )  = kS exp (-k2 d), the Bertaut equation must be corrected 
to allow for the overlap of the charge distributions. In this case Bertaut 
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TABLE I1 
NUMEUICAL VALVES OF THE h1ADELUNG COXSTANTS FOR VARIOUS ClZYSTAL LATTICES 

Crpta l  type Space Group df,, 

NaCl 

CS"1 
Sphalciite 
Wurtzit c 
CaF2 
CU?O 

Hutile 
Anntase 
CdI, 
&Quartz 
A 1 2 0 3  

Perovskite* 

Cnlcitc 
Arngonitc 
CaSO4 
BaSO, 
SrSOr 
PbSOI 
I(X3 

NnX3 

PdO(c/u = 2) 
PdO(e/u = 2 )  
NbO t 
NaTl 
cu,vs, 
Ca+(W04)- 
( c / u  = 1) 
( C l U  = 2 )  
(c i .  = 2 )  

BiF& 
ZrI, 
Y OF 
LaOCl 
Spinels* 

PtS(C,cJ = 1 )  

A3+B3-$ 

Fin3m 

Pm3m 
F43m 
C6mc 
Fm3m 
Pn3m 

P4/mnin 
C4/amt 
H I l m  
H622 
R3c 
Pmtm 

Fmsm 
Fmam 
I4/mmnt 
R3c 
PmCm 
B h m  
Pnma 
Pnmu 
Pnma 
I 4 / m  
R3m 

P4,'ntttin 

Fd3m 

I 4 J a  

1.74756 

1.76267 
1.63805 
1.64132 
5.03878 
4.44248 

1.580'206 

1.604935 
1.504265 
1.513429 

10.398386 

1.594364 
1.613972 
1.633580 
9.566187 
9.57905 

13.75454 

hfdo M", 

2.20178 3.49513 

2.03536 2.03536 
2.38309 3.78295 

2.386 
7.33058 11.63657 

10.25946 

See following text 
See following text 
See following text 
See following text 
See following text 
See following text 

39.99634 63.49026 
33.39098 53.00488 

See following text 
See following t e x t  

12.84724 
13.50363 
13.18779 
13.1565 1 
13.16377 
See following text 
See following text 

1.615503 

See following text 

See following text 
18.75 

References 

30, 51, SZ?, 73, 88, 5,  
109,111, 

50, 31, 6, 111 
SO, s1,111 
47, 54, 55, 6, 11 1 
SO, S l ,  77,6,13,111 
SO, 31, 19, 115, 56, 

12 
12 
55 
58 
112 

111 

22,5i, 55,111,114, 
118 

114,8i 
114 
$0 
5.9, SG 
109 
109 
109 
109 
109 
60, 186, 127, 128 
56 
51 

111 
51 
51 
111 

51 
51 
51 
6 1 
51 
51 
118,61 
118 
'6,27 

* Space group for the undeformed, cubic lattice given. 
t NaC1-type, vacancies at 0, 0, 0 (Nb) and 4, 4, + (0). 
4 Cubic. A at 0, 0, 0; B I  at 3, 4, 0; B I I  at 4, 0, ?j; BIII  at 0, +, f. 
5 Cubic face-centeled, Bi at 0, 0, 0: FI a t  f ,  f, f ;  FII  at  f, f ,  f ;  FTII  a t  4, 0, U. 
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has shown that 

167 

exp ( - r h 2 / k Z )  M --czi2-- kl 
2rvp h 

/ -  

p i  
L 
2 2  i j  r,j 

- - 3 erfc (d;kr i j ) .  (20) 

This expression is equivalent to the double series of Ewald (S7). The 
choice of the constant k is arbitrary, zi and z j  are the charge numbers 
of the ions i and j and rij is the distance between them. 

Recently Benson (6) has described a new and relatively simple for- 
mula for calculating the Madelung constants of a NaC1-type crystal 
and Benson and.Van Zeggeran (6) have extended this method to CsCl- 
type crystals. The method appears to be capable of extension to “gen- 
eralized” CsCl and NaCl type crystals. 

The results of the application of these calculations to various types 
of crystal are discussed below. Table I1 summarizes the values of 
Madelung constants obtained for different crystal lattice types. The 
general formulae which have been developed to express the Madelung 
constants as iunctions of various lattice parameters and the variation 
of Madelung constants with crystal parameters are discussed in more 
detail below. 

The results of Bollnow (19) for the Madelung constant of the rutile- 
type structure are expressible in the form 

M ,  = 4.816 - 4.11(0.721 - a)2 (21) 
for values of the axial ratio, a = c/a, in the neighborhood of 0.721. For 
anatase the Madelung constant may be written (1.2) as 

M ,  = 4.800 - 0.707(2.620 - a)* (22) 
where a is again the axial ratio, c/a. 

For &quartz, which has an hexagonal lattice, Hylleraas (58) has tab- 
ulated M,, as a function of two parameters, the axial ratio cla and a param- 
eter u, the distance of the oxygen ions from the hexagonal axis divided 
by a. His values are given in Table 111. 

TABLE I11 

VALUES OF k f r 0  FOR THE  QUARTZ STRUCTURE 
__ ~~ ~~~ 

c/a = 1.0 c/a = 1.1 c/a = 1.2 ’ cla = 1.414 c/a = 1.732 

u = &  4.1754 
u = +  4.4216 4.4275 4.4288 4.4248 4.3998 

= 3% 4.4261 4.4303 4.4317 
u = +  4.2209 4.2540 4.2862 
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Hund (66) has evaluated M ,  of the hexagonal cadmium iodide struc- 
ture as a function of the axial ratio c/a and u, the z-coordinate of the 
iodide ion divided by c. The values he obtained are given in Table IV. 

TABLE IV 

VALUES OF M, FOR THE CADMIUM IODIDE STRUC~URE 

cla = 0.815 c/a = 1.12 c/a = 1.61 c/a = 2.00 cla = 4.00 

u = o  4.55 4.63 4.64 4.64 4.64 
u = T1B 4.53 4.65 4.68 4.72 4.68 
u = i  4.58 4.72 4.74 4.73 3.87 
1L = 4.68 4.73 4.71 3.90 -2.06 

Schmaeling (1 12) has evaluated the Madelung constant of the rhom- 
bohedral corundum, Alz03, structure as a function of two parameters, 
the approximation having been made that each aluminum atom is 
equidistant from six oxygen atoms. The two independent variables are 
a = c/a and w = v/a, where a is the diagonal of a rhombohedra1 face, 
c is one-half the length of the body diagonal, and v is the distance 
between adjacent aluminum atoms. The Madelung constant is then 
given by 

311, = 25.0312 - 5.930(1.312 - a)' - 65.250(0.5454 - w ) ~  

+ 30.70(1.312 - a)(0.5454 - w). (23) 

Yerovskites are compounds of the general formula ABX3, having a 
cubic lattice with the atoms a t  the following positions: A at  O,O,O; B at 
1/2,1/2, 1 / ;  and 3X a t  0, 1/, 1/; 1/2,0, 1 / ;  1/ ,  1/2,0. The type of perovskite 
with a charge of + 1  on A, +2 on B, and -1 on X will be called a 1-2 
type. If the charges on the cations are interchanged it is called a 2-1 
type. In an analogous way one can define 1-5,5-1,3-3, 2-4, and 4-2 types 
(in which X has a charge of -2).  It will be obvious that the Madelung 
constants of 2-4,4-2 and the 1-2,2-1 types merely differ by a factor of 4. 
Compounds do occur in which no A atoms are present but in which the 
B and X atoms occupy their places in the perovskite lattice. Such com- 
pounds, for example, Re03 and ScF3 can be considered as 0-6 and 0-3 
perovskites. The Madelung constants of the perovskites have been dis- 
cussed by Sherman (114) , by Hund (55) , by Brauer (99) , by Templeton 
(118), by Hoppe (51) and by Sakamoto (111). Their results are con- 
cordant and are summarized in Table V. 
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TABLE V 

MADELUNG CONSTANTS M, FOR DIFFERENT TYPES OF PEROVSKPTE 
~~ 

Example Brauer Hoppe Templeton Sakamoto 
____ 

Type 

0-6 ReOs(ScFj) 71.616 71.6316 71.6315 

2-4 SrTiOs(KZnFs) 49.508 12.37744* (1-2) 12.377468 (1-2) 
1-5 NaTaOs 58.536 58.53535 

3-3 LaAIOs 44.544 44.65489 
4-2 LiBaFa 53.672 10.91768 (2-1) 
5-1 46.856 46.85727 
6-0 54.116 

* Sherman’s value; Templeton’s values are based on Sherman’s value and M, for 
CsCl and NaC1. 

For the calcium-carbide type of lattice Kazarnovskaja (YO) has ex- 
pressed the Madelung constant, Mso as a power series in a( =c/a). 

Ma, = 2.2018 + 1.467(a - l)z - 5.919(a - 1)3 + 18.96(a - 1)4 

- 24.3(a - 1)‘. (24) 

For the KHFz structure, which is a CsCl structure compressed along 
a tetrad axis, Madelung constants have been calculated for a number of 
different values of the axial ratio c /a  in the “pseudo-unit cell” (60, 126, 
197). However the author (128) has developed a general expression, 

M,, = 2.0354 + 0.33923(1 - a’) - 1.619(1 - (25) 

for the Madelung constant with the value of a. in the “pseudo-unit cell” 
containing only one molecule as the reference distance. This formula can 
be generalized to the simple body-centered orthorhombic lattice to give 
an expression, 

M ,  = 2.0354 + 0.33923[(1 - a’) + (1 - a’)] + 0.3547(1 - a’) (1 - p2) 
- 1.619[(1 - + (1 - @’)’] (26) 

where a = c/a, p = b/a and a is the largest cell side. Ma ,is the Madelung 
constant based on a. 

Hojendahl (69) has obtained general expressions for the Madelung 
constants of crystals of the calcite type, which he regards as NaCl lat- 
tices compressed along one trigonal axis, and of crystals of the sodium 
bifluoride type, which he regards as NaCl lattices elongated along one 
trigonal axis. The standard distance in the crystal lattice is taken as the 
distance, Lo, between neighboring layers along the trigonal axis. The near- 
est distance between ions in the same layer is L1. The lattice can then 



170 T. C. WADDINGTON 

be determined by one parameter p = L1/Lo. The Madelung constant is 
given by 

1 1 1 1 
JfL, = $0.3573 + 2.085 - - 1.9185 7 + 0.7754 7 - 0.1286 7' (27) 

P2 P P P 

The spinels are compounds of the type ABzOl in which the O= ions 
are arranged in cubic close packing, with the A atoms occupying tetra- 
hedral holes and B atoms octahedral holes. Verwey, de Boer, and Van 
Santen (26, 27) have calculated the Madelung constants, by the Evjen 
method for the various values of the parameter u given and the various 
charges p and q on A and B. The values p = 3, q = 234% represents the 
case where A is A3+ and the B positions are alternately filled with 3f 
and 2+ ions, for example, Fe304. The Madelung constants are given in 
Table VI. 

TABLE VI 

~ I A D E L C X G  COXSTASTS, lIJo0, FOR THE SPINELS* 

Charge 31 
_. __--- Parameter 

u P P 1 I1 
~~ ~ ~ ~~ 

4 2 138.1 138.2 
0 3i. j  2 3 128.6 128.6 

3 2 :  130.7 130.8 
4 2 135.8 

0.380 2 3 131.1 
3 ')I -2 131.0 
4 > 133.6 

0.385 2 3 134.0 
3 2 ;  131.2 
4 2 131.5 

0.300 - 3 136.5 
3 '> - 2  I 131.1 

* I values by Evjen method, I1 values by Ewald method 

> 

for the ideal case (i.e. a perfwtiy cubir Inttice) u = 0.375. 

Yttrium oxyfluoride and several similar compounds have the fluorite 
type of structure with the oxygen and the fluorine distributed among 
the anion positions. Both Templeton (218) and Hoppe (51) have con- 
sidered the Madelung constants of the crystals. There are three forms, 
tetragonal, rhombohedral, and cubic. Their Madeluiig constants arc 
given in Table VII. 
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TABLE VII 

THE MADELUNG CONSTANTS, Mi, OF THE YOF LATTICES 

1 - (4)a.o 

171 

Structure Mt 
~~ 

Tetragonal 11.504 
Rhombohedral 11.526 
Cubic, with La at 0, 0,O 
0 at t ,  t ,  f and F at S, t, t 
Cubic, with the 0 and the F 

1 I .71568 

arranged statistically 11.33725 

2. The Repulsive Energy Term, -UR 
In order to account for the stability of ionic crystals it is necessary 

to introduce repulsive forces between the ions in addition to the ordinary 
coulombic forces. Born and Lande (201, in their original treatment of 
the problem, represented these forces as varying as the inverse nth power 
of the distance and treated the potential energy of the crystal as the sum 
of two terms, given by the expression 

Initially they tried to calculate the value of n from the Bohr model 
of the atom and then from the Lewis-Langmuir model. However the 
inapplicability of these models was soon realized and the value of n was 
determined empirically from the compressibility. 

The constant B can be eliminated by remembering that at  the equi- 
librium separation in the crystal, roJ (aU/ar)  = 0, so that 

Hence 

(28) 

(2) 

The development of wave mechanics led to the realization that ions 
with completed subgroups were spherically symmetrical and that, for 
the outermost shell the electron density fell off exponentially with dis- 
tance. Unsold (120) and Pauling (105) pointed out that the application 

Mzlzze2rOn-l 
n 

B =  

and 
N~Mzlz2e  

To 
uo = (1 - l/n). 
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of quantum mechanics led to  an expression for the repulsive potential 
which involved exponential terms in T. Born and Mayer (21) therefore 
expressed the repulsive energy, ur, between two ions in a crystal as 

u, = a exp (-/PI (29) 
where u and p were constants and T was the distance apart of the ions. 
They found that for the alkali halides they could adopt a constant value 
for p (  = 0.345 x , if they determined a from the equation 

where b was a constant for all the alkali halides, zu and zA were the 
valencies of the two interacting ions (equal to -1 and +1, respectively, 
for the alkali halides), nA and nc were the number of electrons in the 
outer shells of the ions and rA and To were the ionic radii, as determined 
by Goldschmidt (40). Mayer and Huggins (94) later used the condition 
that a t  the equilibrium internuclear distance in the crystal (dU/dr) = 0 
to determine a set of self consistent “basic radii” which when put into 
the equation for the lattice energy produced the equilibrium internuclear 
distance. By using 9 such radii they calculated the 20 lattice constants 
of the alkali halides to nearly the probable experimental error of their 
determination. Huggins (53) later recalculated the lattice energies of 
the alkali metal halides using these basic radii. The expression for the 
repulsive energy UR was given by 

+ bc+F‘ exp [k (2rc - k t r ~ ) ]  (31) 

where b is given the value 10-l2 ergs; c+-,  c++, and c-- are the ex- 
pressions (1 + Z C / ~ C  + Z A / ~ A )  introduced by Pauling (106) ; M and M’ 

TABLE VIII 

VALUES OF TEE HUGGINS BASIC RADII 

Basic radius Basic radius 
Ion 10- cm Ion lo-* em 

Li+ 0.475 
Na+ 0.875 
K+ 1.185 
Rb’ 1.3m 
Csf 1.455 

F- 1.110 
C1- 1.475 
Br- 1.600 
I- 1.785 
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are the number of nearest like and unlike neighbors respectively; ka is 
the ratio of the shortest distance between like neighbors to that, TO be- 
tween unlike neighbors and rc and rA are now the Huggins "basic radii." 
The values of Huggins basic radii are given in Table VIII. If only the 
coulombic and repulsive forces are considered then the lattice energy 
may be written as 

and utilizing (aU/ar) = 0, B1 can be eliminated to give an expression 
for U at  the equilibrium distance in the crystal. 

These two expressions are sometimes called the simple Born-Mayer ex- 
pressions for the lattice energy of a crystal. 

Because of the dificulty of assigning basic radii in some crvdals, 
notably those of the halides of silver and thallium, Ladd and Lee (76) 
have extended the above expression, which eliminates B' and hence the 
basic radii, to the case where other forces, that is, dispersion energy terms, 
are included. They obtain for the lattice energy UO 

The values and meaning of C and D and hv,,, will be discussed in the 
next section. 

Ladd and Lee's expression leads to an interesting observation about 
the accuracy of the simple Born-Mayer expression. If it is used in the 
form 

then errors are introduced by the neglect of the dispersion energy terms 
NAC/T" and N A D / t . 8 .  These may be as large as 10 kcal/mole. However 
if the simple Born-Mayer expression is used in the form 

then the errors arise from the neglect of (1 - 6p/ro) NAC/rO6 and so 
forth. Now p = 0.345, so that for most salts, particularly those of the 
heavier alkali metals (1 - 6 p / ~ o )  is less than 0.4 so that the error has 
been reduced to 4 kcal/mole or less. 
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All the methods discussed above apply only to spherical ions, and 
are dependent on the assumption of spherical forces and isotropic com- 
pressibilities. When the ions are nonspherical, some assumption has to  
be made about the shape of their “repulsion envelopes” so that radii in 
different directions can be assigned. Gray and Waddington (43) and 
Waddington (127) have discussed this problem with relation to the non- 
spherical azide, N 3 - ,  and bifluoride, HF2-, ions. The calculation of the 
repulsive energy is also dependent upon some knowledge. of the coefficient 
of compressibility of the crystal. It is true that for the alkali halides the 
assignment of basic radii enables a single value of the constant p t o  be 
chosen but the difficulty of calculating repulsive energies in even so 
similar a system as  that of the alkaline earth chalcogenides and the 
magnitudes of the errors introduced when the compressibilities are not 
known has been demonstrated by Huggins and Sakamoto ( 5 4 ) .  

3. The Dispersion Energy (London) Term, UL 

London (83) has shown that there exists an attractive force between 
all molecules or ions caused by a synchronization of the oscillations of 
their electrons. Any two molecules or ions have an attractive energy tiL, 

given by 

where el and e2 are characteristic energies.of the two molecules or ions 
and a1 and a2 are their polarizabilities. The total dispersion energy for 
a crystal lattice is then 

where ulz, all and aZ2 are respectively the coefficients of l/rB for the 
positive-negative, positive-positive, and negative-negative ion pairs. So 
and So’ are respectively the sums over all unlike and like ions of l / ( ~ ~ / r , , ) ~  
where rL is the distance between a given ion and the ith ion in the lattice 
and ro is the shortest ion-ion distance. Such sums have been evaluated by 
Lennard-Jones and Ingham (82) and their values are given in Table 
IX. Born and hfayer (21) in the initial calculation of the dispersion 
energy for the alkali metal halides assumed tl and €2 to be the ionization 
potentials of the free ions. 

In  the case of a singly charged positive ion this is the second ioniza- 
tion potential of the element. In  the case of a negative ion it is the elec- 
tron affinity. Born and Mayer (21)  and Mayer and Helmholtz (93) 
initially used the polarizabilities of the gaseous ions calculated by Paul- 
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TABLE IX 

~:OEFYICIENTY FOR THE INDUCED DIPOLE-DIPOLE AND I)IIWl,E-~UADRU€’OLE VORCEB 

Lattice type ss Se‘ ASS 8s’ 

NaCl 6.5952 1.8067 6.1457 0.8002 
CSCl 8.7088 3.5445 8.2007 2.1476 
ZnS 4.354 0.762 4.104 0.253 

ing (104). Mayer (91) later concluded that the values for the London 
dispersion energy obtained in this way were too small and that the error 
arose from taking polarizabilities and energies characteristic of the 
gaseous ions; he also pointed out that a term representing the induced 
dipole-induced quadrupole interactions should be included. He used the 
known ultraviolet absorption spectra of NaC1, KC1 and K I  to calculate 
the dispersion energy exactly and then examined the validity of various 
approximations. He found that to a reasonable approximation the con- 
tributions of the negative and the positive ions could be separated and 
that the polarizability of the positive ion from crystal to crystal was 
fairly constant. For the positive ion he adopted the value of a given 
by Pauling (104) and took E equal to 0.75 c0 where c0 was the ionization 
potential of the gaseous positive ion. As a fair approximation he took c 
for the negative ion to be 1.30 hvo where vo is the frequency of the first 
sharp line in the crystal ultraviolet spectrum. a for the negative ion was 
found from the expression 

where Q0O2 was constant for any given negative ion and independent of 
the crystal. The values of the dispersion energy were more than doubled 
by using the data from the ultraviolet spectra of the crystals. The in- 
duced dipole-quadrupole energy for the crystal is given by the expression 

Here the d are the analogs of the a in the expression for the induced 
dipole-dipole interaction and have been discussed by Margenau (89, 90). 
Ss and Ss’ are sums of the type ~ / ( T ~ / T ~ ) ~  over all like and all unlike 
ions in the crystal lattice. They have been computed by Lennard-Jones 
and Ingham (88) for various lattice types and are given in Table IX. 
The actual value of the induced dipole-quadrupole term is about one 
tenth that of the induced dipole-dipole term. 
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4. The Zero-Point Energy Temn, Cz 

The terms so far discussed all contribute to  the potential energy of 
a spherical ion in a crystal lattice. The lattice energy at absolute zero 
is obtained by adding to these terms a term equal to the energy retained 
by the lattice a t  absolute zero when it is regarded as an assembly of 
coupled oscillators. This energy, Uz, is the zero-point energy and is 
given by the Debye theory as being 

(36) 
9 
4 Uz = NA-hv,, 

where h is Planck’s constant and vmaX is the Debye maximum frequency. 
The value of this maximum frequency may be estimated with sufficient 
accuracy by using infrared absorption data, assigning to vmPI the fre- 
quency of the residual rays or “Reststrahlen.” If the infrared data are 
not available Waddington (1%’) has pointed out that the relation be- 
tween the absolute entropy at 298°C of the crystal, Soabs, and the Debye 
maximum frequency given by the expressions 

(37) 
and 

So.bs = R[lnf 4- T(dlnf/dT),] 

g Vmas 

lnf = In g - (”) - - 
8 kT vamSIX 

In [1 - e--hv/kT]v2 dv (36) 

may be used. Here f is the partition function per molecule and g is the 
electronic partition function. The value of Soab. is plotted against the 
zero point energies of the alkali halides and the zero-point energies of 
other salts interpolated from their absolute entropies. 

5. The Permanent Electrical Multipole Term, UQ 

The account of the term-by-term calculation of the lattice energy 
given above is only correct for an array of spherical ions. If nonspherical 
ions are present in the lattice then the initial assumption made in cal- 
culating the coulombic energy, that is, that a charged ion may be replaced 
by a point charge at its center, is no longer correct. However, this diffi- 
culty may be resolved if the charge distribution on the ion is known or 
can be calculated. Then the charge on the ion may be represented in 
terms of a point charge plus a permanent electrical inultipole and an 
immediate simplification effected. The electrostatic energy can now be 
heated as the sum of two terms, the first, and by far the larger, being the 
simple Madelung energy due to the interaction of the point charges and 
the second being the multipole energy. 

The multipole energy itself is made up of two terms, the first being 
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the multipole-multipole interaction energy and the second the energy of 
interaction of the multipole with the surrounding point charges. Of these 
two terms the first is very much greater than the second. In the case of 
symmetrical cylindrical ions, such as the azide, Ns-, and the bifluoride, 
HF2-, ions, the multipole is in fact a quadrupole and expressions for the 
energy of interaction have been developed by Gray and Waddington 
(43) and by Waddington (12T). The energy of the quadrupole-quadru- 
pole interaction is given by 

Where q is the quadrupolar charge and d the length of the quadrupole, 
R is the distance between the two quadrupoles, B is the angle between 
the line joining the centers of the quadrupoles and the axis of the first 
quadrupole, and 5 is the direction of the axis of the second quadrupole 
relative to those of the first. It is usually only necessary to  compute 
quadrupole-quadrupole interactions for nearest and next to nearest 
neighbors. The quadrupole-point charge interaction energy has been 
summed over the whole lattice in the case of tetragonal, body-centered 
crystals of symmetry DN, and shown to be 

(39) 
1.30 f 0.40)(1 - ar2)qd2e. 

(a'> 
u42-p = ( 

Here a3 ( = c'/a'), is the axial ratio in the pseudo-hit cell, q and d 
have the same signficance as before and e is the electronic charge. 

B. THE KAPUSTINSKII AND TEMPLDWN CALCULATIONS 
OF THE LATTICE ENERGIES OF IONIC CRYSTALS 

1 .  Kapustinskii's Formula and the Themnochemical Radius 

The method of extended calculation of lattice energies described in 
the previous sections is restricted to salts the crystal structures of which 
are exactly known. For less simple structures than those of the alkali 
halides the extended calculation of lattice energies becomes increasingly 
laborious as the symmetry decreases. If however only the first two terms 
in the lattice energy are considered, that is, U is taken to be UM - UR, 
then adopting either an inverse power law or an exponential law for the 
repulsive term, U may be written as either 

or 

If the number of ions in the chemical molecule is Y, the number in a 
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mole is S A v .  The above equations may therefore be rewritten 

(40, 41) 
Where a = Jl/ (v/2\ .  The Madelung constant, M, is proportional to 
the number of ions in the chemical molecule and hence a is independent 
of this. Although a is not identical for different lattice types, Kapustinskii 
(6.4, 65) found empirically that in passing from one lattice type to  an- 
other the change in the constant a was proportional to the change in the 
interatomic distance, a result shown by Sherman (115) to  be in agree- 
ment with the correct calculation of the Madelung constant for cuprite. 
Every crystal may then be considered to transform into a rock-salt 
lattice without change of lattice energy if the coefficients a and ro are 
simultaneously modified so as to have the values corresponding to  the 
ions in a rock-salt lattice. tio can now be found either by measuring 
ro and the crystal structure and calculating M and hence a or by putting 
TO = rg + rc, the sum of the Goldschmidt ionic radii for coordination 
number 6 ,  and taking a = 1.745, its value for a rock-salt lattice. The 
substitutions ro = rA + rc in Angstrom units, p = 0.345 A, a = 1.745, and 
N A e 2  = 329.7 kcal/A give Kapustinskii’s formula 

Kapustinskii’s equation, of course, cannot be expected to produce 
values for the lattice energies as exact as those produced by extended 
calculation. Essentially the Kapustinskii formula ignores all contribu- 
tions to the lattice energy save UR and Uar. If the ions are nonspherical 
there is considerable difficulty in choosing a repulsion envelope for the 
ion and assigning a radius. This difficulty also arises in the extended 
calculation of the lattice energy but only in calculation of U R ,  which is 
an order of magnitude less than U,. In  the Kapustinskii equation this 
difficulty arises in Uaa as well. 

Finally the most serious objection is the replacement of rot the inter- 
atomic distance, by rd + re. There are many salts in which the unlike 
ions are not “touching,” for example, NaI, where the lattice spacing is 
cfetermined by I- - I- contacts. Also, the assignment of ionic radii can 
only be regarded as approximate wen in the alkali metal halides. In 
spite of these objections the Kapustinskii formula remains a useful guide 
to approxiniate lattice energies, especially in those cases where the struc- 
ture is unknown. In  general, as the examples discussed later will show, 
the values for lattice energies given by the Kapustinskii equation fall 
on the low side of the correct lattice energy. 



LATTICE ENERGIES 179 

One of the difficulties that arises in the use of the Kapustinskii cal- 
culation is that of assigning a value to the ionic radius of the anion when 
a complex salt is being considered. Yatsimirskii (133) has pointed out 
that if the reaction 

(9) 

is considered, then the enthalpy of the reaction, U + 2RT, is given by 

MX(s) = hl+ig) + X-(g) 

U + 2RT = AHfoM+(g) + AHfoXx-(g) - AHfOMX(s) (43) 
and if now two salts with the same anion but different cations are con- 
sidered, MI and M2, then 

U M ~ X  - UM*X = AHjoMi+(g) - AHj0M2+(g) 
- [AHfoMIX(S) - AHf0M2X(s)] (44) 

and 

)] (45) 
r M , +  + rx- 

- ( 1 -  m,+ + rx- 
using Kapustinskii’s equation. If the enthalpies of formation of the solid 
salts MIX and MZX and AHjoM1+(g) and AHfoM2+(g) are known and 
the Goldschmidt radii of MI and M2 are known, rx- can be found. The 
radius of X found in this way is termed by Yatsimirskii the “thermochem- 
ical radius” and it can of course be inserted into the Kapustinskii equation 
to give the lattice energies of the salts MX and also AHj0X-(g). Yatsimir- 
skii (133, 134) lists a large number of thermochemical radii and he and 
Kapustinskii (68) have also calculated a large number of thermochemical 
radii for tetrahedral ions and shown that they are fairly independent of 
the other ion in the lattice. The values they obtain for the thermochemical 
radii of various anions are given in Table X. 

2. Templeton’s Prediction of Madelung Constants 

It is perhaps useful to discuss in this section the work of Templeton 
(116) on the empirical prediction of Madelung constants. He has defined 
a reduced Madelung constant a‘ by a’ = 2M,/zlzzv for binary lattices. 
Here M,, is the Madelung constant with the nearest-neighbor distance ro 
taken as the standard distance in the lattice, z1 and z2 are the anion and 
cation charge numbers and v is the number of atoms in the chemical 
molecule. Templeton’s reduced Madelung constant a’ is just Kapustinskii’s 
LY divided by the product of the charges on the ions. Templeton has shown 
empirically that a’ can be represented by the equation 

a’ = 1.89 - 1.00/m 



TABLE X 

THE THERMOCHEMICAL RADII (A) OF SOME COMPLEX ANIONS 

Ion NH*- OH- NO,- HCOO- CNO- CHICOO- HCOZ- IOa- CN- 
1.30 1.40 1.55 1.58 1.59 1.59 1.63 1.82 1.82 

5 
Radius 

Ion NOa- Br03- HS- CNS- c103- cd&(NOz)& c104- MnO4- 
Radius I .89 1.91 1.95 1.95 2.00 2.23 2.36 2.40 e 

G 
Ion 10,- BF4- 02- coat- so,*- Crof- El 
Radius 2.49 2.28 1.80 1.85 2.30 2.40 3 

__ __ -- 
d 

H 

MOO,'- s C 0 4 ' -  Tc04?- BeF4'- B03'- P0a3- 8 Ion 
Radius 2.54 2.43 2.54 2.45 1.91 2.38 

Ion AsO43- SbOia- Bi04*- Siol4- 
Radius 2.48 2.60 2.68 2.4 
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where m is the weighted harmonic mean of the coordination numbers, with 
an accuracy of better than 1% for a dozen cases of binary structures. 
To permit application to more complex structures, such as ternsry salts, 
Templeton (118) redefined the reduced Madelung constant as a’ = 2M,,/ 
2z2. When the nearest neighbors of different atoms are a t  different dis- 
tances, one can expect a‘ to be less than the value predicted by the above 
equation. The prediction will correspond more closely to a,,,’ defined as 
a,’ = a’rm/ro, where r,,, is the harmonic mean of the distances, weighted 
according to their frequency of occurrence and according to the product 
of the charges of the ions involved. 

The accuracy of the prediction for the ternary salts is less than that 
for the binary salts, the average deviation from the accurately calcu- 
lated value being about 2% for the salts with equal distances and about 
3.5% for the salts with two distances (12 cases being considered). The 
worst case was in error by 10%. Templeton provides a theoretical jus- 
tification for his equation and points out that it wi11 not yield accurate 
predictions for any structure whatever. Rather it represents approxi- 
mately the largest value which is possible for a given coordination num- 
ber. If a substance is a salt, it can only be stable in a structure with 
Madelung constants not too far below the largest one possible, since the 
crystal energy is determined principally by the electrostatic potentiat. 

C. THE QUANTUM MECHANICAL PREDICTION OF LATTICE ENERGIES 

An entirely different approach to the calculation of lattice energies 
was initiated by Hylleraas (69) who applied a general quantum mechani- 
cal treatment to the calculation of the lattice energy of lithium hydride. 
He used one-electron wave functions of the hydrogenic type with nuclear 
screening so that the entire computation could be performed analytically. 
The wave functions were 

with z = 1 for hydrogen and 3 for lithium; ah is the Bohr unit distance 
(0.58 A ) .  The chief objection to his calculation was that his approximate 
wave functions did not give very good binding energies for the free H- 

.and Li+ states. The actual method of calculation was similar to that 
employed by later workers and will be discussed in connection with their 
calculations. His actual results were that the binding energy was 218 
kcal/mole and that a. = 4.42 A. These may be compared with empirical 
values of 21‘8.5 kcal/mole and 4.084 A. 

Landshoff (78, 7’9) later calculated the lattice energies of NaCl by 
this general quantum mechanical method and the same method was 
adopted by Lowdin (84, 85, 86) who calculated the cohesive energies of 
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LiCI, NaC1, KCl, and NaF. Later Jiro Yamashita (130, 131) calculated 
the lattice energy of LiF and Benson and Wylie (7’) also calculated the 
lattice energy of LiF. Recently Shoichi Kobayashi (7‘4) has calculated 
by quantum mechanics the lattice energy of CUZS and Lundquist (87) 
has recalculated the lattice energy and other parameters of LiH. The 
basis of all these calculations is the same though Benson and Wylie’s 
represents a simpler approach to the problem. The Hamiltonian operator 
for the system of N ions is written down. The total energy of the ground 
state of the crystal is then given by the lowest eigenvalue E of the 
Schrodinger equation 

for the antisymmetric eigenfunctions $ = $(XI, X Z ,  . . . , zi, . . . , XN) 
where x4 are the space and spin coordinates of the electron i. The solu- 
tion of the equation is the lowest value of E in: 

H# = E# (47) 

To solve this equation the one electron approximation is used. The dif- 
ferences in the treatments of the various authors lie in the differences 
in their assumptions about orthogonality in the wave functions used and 
in the use of either a variational or perturbation method to find the mini- 
muin energy. 

It is convenient to split the energy of cohesion U up into four parts 

uc = UMad + v c o m  + Uexchange + Uo (49) 

The Madelung term is as in the classical theory; the Ucor, represents a 
correction to the Madelung term arising from the fact that the ions are 
not point charges at the lattice sites but overlapping charge clouds; the 
term Uexchange is a straight exchange energy arising from the exchange of 
electrons on two atoms. Only the exchange terms between neighboring 
atoms are important. The first three terms can be considered as resulting 
from only pure two-body interactions. However, this is not true for the 
U,  term and it does include quantities which arise from the interaction 
of many-body forces. 

Landshoff made two calculations of the lattice energy of NaC1, the 
first with wave functions in which the exchange of electrons within the 
ion was neglected, the second with Hartree-Foch wave functions in which 
this exchange was taken into account. He calculated the lattice energy, 
the lattice parameter, and the compressibility. The values he obtained 
are listed in Table XI and compared with the experimental ones. He 
treated a set of linear combinations of the wave functions of the free 
ions as though they were exactly orthogonalized and normalized; but in 



TABLE XI 
Q u ~  MECHANICAL CALCULATION OF LATTICE ENJEBQIES, EQUILIBRIUM DISTANCES AND COMPRESSIBILITIES 

salt 

Lattice Equilibrium 
energy distance Compressibility 

Calculation (kcal/mole) (A) bar Remarks 

LiH Hylleraaa 218 4.42 
S. 0. Lundquist (1954) 205 
Experimental value 217 f 7 4.084 

LiF Lowdin 199.5 4.79 4.0 x lo-'* 
Benson and Wylie 242 4.02 1.7 x lo-" 
Yarnathits (1) 247 4.00 1.3-1.7 X 10-'2 

Huggins calculation 243.6 4.02 (exp) 300°K 
Yamaehita (2) 239 4.00 1.96 x 10-12 

Hydrogenic wave functions 

NaCl Landshoff (1) 
Landshoff (2) 
Lowdin 
Huggins 

LiCl Lowdin 
Huggins 

KCl Lowdin 
Huggins 

N&F Lowdin 
Huggins 

Older Hartree wave function 165 5.55 8.2 x lo-" 
182 5.56 4.35 x 10-12 Hartree-Foch wave function 3 
183.2 5.54 4.5 x lo-'* Hartree-Foch wave function 2 

I 

187.7 5.37 4.2 x 10-la 
200.2 5.144 (exp) 300°K 

166.9 6.17 6.0 x 
167.9 6.278 (exp) 300°K 

205.1 4.58 
215.4 4.620 (exp) 300°K 

183.5 5.628 (exp) 300°K m 

cuss Kobayashi 480 5.1'4 Slater's wave functions used 
3.95 and method of Landshoff 

employed C-L 

!% 
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reality this was only true if second and third order terms were neglected. 
Lowdin derived a formula for a set of linear combinations of the free 
ion wave functions that were exactly normalized and orthogonalized and 
deduced values for the lattice energy, lattice parameter, and compressi- 
bility of LiF, NaF, LiCI, NaCl, KCI. His values for these quantities for 
sodium chloride are very close to those of Landshoff and both are in 
good agreement with the experimental values. His value for KC1 is in 
good agreement but the values for NaF and LiCl are pot in very good 
agreement with experiment, and his values of the lattice constants for 
LiF are a good deal out. No other calculations apart from Lowdin’s have 
been made for NaF, LiCl and KCI but two other workers have computed 
the lattice energy and parameters for LiF. Yamashita assumed a wave 
function of the Hartree type for the 1s state of the Li+ and for the 1s 
and 2s states of the F- ion. For the trial function for the 2pelectrons 
for the F- ion he used Slater wave functions for the crystal with three 
adjustable parameters. He minimized the total energy of the crystal for 
various lattice distance by the use of the variational method. He initially 
reported the values (1) (Table XI) but later reported the values (2). 
He also calculated the diamagnetic susceptibility of the F- ion in the 
crystal and found it to be in good agreement with the experimental meas- 
urements. His values are seen to be a good deal better than Lowdin’s, 
probably because of the method he adopted to deduce the wave function 
of the F- ion in the crystal, allowing for the effect of the crystal field 
on the wave functions of the free ion. 

Benson and Wylie proceeded by a rather different method in calcu- 
lating the lattice energy of LiF. Their assumptions are a good deal more 
drastic. The Li+ ion is treated as a unit positive charge and account of 
the 1s electrons is taken only indirectly in the orthogonalization rela- 
tions. All details of the inner structure of the fluorine ion were discarded 
and the ion was treated as a nucleus of charge +5, surrounded by a shell 
of six 2p-electrons. The Hartree self-consistent field calculation of the 
radial density distribution of the two 2p-electrons of a free fluorine ion 
was used. The function was suitably normalized and fitted to an 
analytic expression of the Slater type. A simple perturbation calculation 
was then carried out. The results obtained for the lattice energy, lattice 
constant, and compressibility are given in Table XII. The agreement 
obtained was fair, but it was clearly a drastic approximation to use 
orbitals appropriate to the free ion in the interior of the crystal. As a 
way of overcoming this, the outer orbitals of the fluorine ion were ortho- 
gonalized with respect to one another and made very nearly orthogonal 
with respect to the 1s orbitals of the neighboring lithium ions. The values 
of the lattice parameter, cohesive energy, and compressibility were de- 
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TABLE XI1 

SUMMARY OF BENEON AND WYLIE'S RESULTS FOR LiF 

Lattice Cohesive 
parameter energy Compressibility 

(A) (kcal/mole) (10-1: bar) 

(i) Simple perturbation 
calculation 3.78 247.4 1.8 

(ii) Wave functions or- 
thogonalized 5.16 188.1 4.8 

(iii) Wave functions ad- 
justed to fit dia- 

(iv) Theoretical results of 

(V) Theoretical results of 

(4 Empirical values 4.02 243.6 

' magnetism 4.02 242.0 1.7 

Lowdin 4.79 199.5 4.0 

Yamashita 4.00 239 1.96 

(at 300°K) (Huggins calculation) 

duced and are given in Table XII. These results show large deviations 
from the empirical values, larger deviations than those of the simpler 
treatment. It is interesting to note that these results are comparable 
with the more exact calculations of Lowdin, who used an essentially 
similar treatment. The next step of Benson and Wylie was empirical. 
They adjusted the wave functions of the fluorine ion to  give a diamag- 
netic susceptibility in agreement with the experimental results. The 
values of the lattice energy etc. obtained in this way are given in Table 
XII. 

It appears from the above discussion that the most satisfactory 
approach to the quantum mechanical calculation of lattice energies is 
that developed by Yamashita, in which the parameters of the outer wave 
functions of the ions are adjusted by a variational method to minimize 
the total energy of the crystal. Orthogonalization of the simple free ion 
wave functions seems to produce a result rather worse than that achieved 
by ignoring the correction. No doubt with the availability of electronic 
computors Yamashita's method will be extended to crystals in addition 
to LiF, where it may be necessary to adjust the wave functions of both 
the ions by a variational method, to allow for the effect of the crystal 
field. This will produce an exceedingly tedious calculation. Yamashita 
(1%) has slso used the method described above to show that the 02- ion 
is stable in the MgO crystal, though not in the gas phase. 

An example of the application of quantum mechanical calculations 
to more complicated systems is the calculation of the lattice energy and 
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lattice constant of P-CuzS by Kobayashi. The numerical calculation was 
carried out to determine the positions of the Cu+ ions in the p-phase 
since this could not be determined by X-ray analysis. Slater’s wave 
functions were used for Cu+ and S2- and the method developed by 
Landshoff was applied. The potential energy minimum was determined 
to fix the Cu+ ions. The results of the calculation me given in Table XI. 

The lattice energy of LiH has recently been recalculated by S. 0. 
Lundquist. He has not used the old hydrogenic wave functions used by 
Hylleraas nor has he used the free ion orbital approach because he 
maintains that the deformation of the diffuse H- ions in the field of the 
crystal must be considerable. The total energy was minimized with re- 
spect to the effective nuclear charge of the H- ion. 

D. THE CALCULATION OF LATTICE ENERGIES 
FBOM HYDMTION ENTHALPIES 

Between the lattice energy U of a crystal and the enthalpy of hydra- 
tion H of the gaseous ions of the crystal to unit activity in water, there 
exists the relation 

U =  - H + A H Q 8 - 2 R T  (7) 
where S is the standard enthalpy of solution of the crystal to unit ac- 

,001 1 
I .o 1.25 1.50 1.75 2.0 2.25 

Crystal radius of the anion (n”) 
FIG. 1. Enthalpies of hydration as functions of anion radii. 
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tivity. The enthalpy of hydration of the ion pairs is well known for the 
alkali metal halides and two empirical correlations have been observed 
and substantiated. The first is between the enthalpy of hydration of the 
ion pairs and the crystal radii of the anion and cation. If the enthalpies 
of hydration of the alkali halides are plotted against the crystal radii 
of the halide ions as given by Pauling (107) smooth curves are obtained 
(Fig. l ) ,  and thus if the ionic radius of any other anion is known it is 
possible to obtain from the curves by interpolation the enthalpies of 
hydration of the anion with the alkali metal ions. 

The second empirical correlation that has been observed is between 
the ion pair enthalpy of hydration and the lyotropic number (Biichner, 
23, 84). The lyotropic number was developed by Biichner as a quantita- 
tive expression of the position of the anion in the Hofmeister series. It 

E 

, cs 

loo: i ; ; s 9 Ib 1'1 I;' I; Ib I; 
Lyotropic number of the anion 

FIG. 2. Enthalpies of hydration as functions of the lyotropic numbers of the anions. 

is essentially a measure of the power of an anion to bind water to itself 
at  the expense of hydrated colloids in suspension. It is found experimen- 
tally that enthalpies of hydration of ion pairs vary linearly with the 
lyotropic number of the anions (see Fig. 2). 

Buchner has determined the lyotropic numbers of the following 
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anions F-, 103-, HzPOz-, Br03-, C1-, NOz-, C103-, Br-, Nos-, 

If the lyotropic number of an anion is known or a crystal radius can 
be assigned to it, then the hydration enthalpies of its ion pairs with the 
alkali metal ions can be calculated and hence if the enthalpies of solu- 
tion of its alkali metal salts are known their lattice energies can be 
found. Gray and Waddington (49) have used both methods to calculate 
the enthalpies of hydration of the alkali metal aeides. The results are 
mutually consistent and the lattice energies derived from them are also 
in excellent agreement with the lattice energies found by extended cal- 
culation. Waddington (126) has used the Buchner lyotropic number to 
derive hydration heats and lattice energies for most of the anions listed 
above and the results obtained are found to be, in the cases where they 
can be checked, consistent with the thermochemical data. The individual 
results will be discussed in Section 111. 

The disadvantages and limitations of the two methods given above 
are the following. In the case of the crystal radius interpolation it is 
necessary to be consistent and use one set of crystal radii. Gray and 
Waddington and Waddington accepted the Pauling set. Another difficulty 
arises if the anion is nonspherical. If this is the case it is necessary to 
assign a mean radius. In the case of the azide ion the difficulty was 
overcome by assuming that the ion was an ellipsoid of revolution and 
using the change of structure and coordination number in passing from 
potassium to sodium azide to calculate the major and minor axes of the 
ellipsoid. Fortunately the curves of hydration enthalpy against anion 
radius are shallow ones, the sum of the hydration enthalpies changing 
by only about 6 kcal per 0.1 A change in the anion radius. 

Again in the case of the lyotropic number interpolation the accuracy 
is dependent on the accuracy of the measurement of the lyotropic num- 
ber, though the sum of the hydration heats only changes slowly with 
lyotropic number. It must also be stressed that the lattice energies ob- 
tained in this way are not “theoretical” lattice energies in that they are 
not based on any model of the crystal. Rather they are empirical or 
experimental in that they are based on a combination of empirical hy- 
dration enthalpies and experimental enthalpies of solution. 

CIO*-, I-, CNS-, Na-. 

i l l .  Individual Values of the Lattice Energies of Alkali Metal 
and Alkaline Earth Salts 

Before discussing the uses to which the values obtained for lattice 
energies can be put it seems worthwhile to give an account of the indi- 
vidual calculations that have been made of the lattice energies of various 
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alkali metal and alkaline earth salts and also to give some indication of 
the accuracies of the various calculations. A very large number of lattice 
energies can of course be computed by the use of Kapustinskii’s formula 
(64, 66)’ and Yatsimirskii’s (13S, IS4) thermochemical radii listed in 
Table X. These values are not in general given when they are the only 
values available but they are listed for comparison with the results of 
other workers. 

A. THE ALKALI METAL HALIDES 

The lattice energies of the alkali metal halides have been calculated 
by a large number of workers with approaches of increasing sophistica- 
tios. The principal calculations by the classical ionic theory since Sher- 
man’s (114) review have been made by Mayer and Helmholtz (M), 
Verwey and de Boer (125), and by Huggins (5s) .  Seitz (113) has also 
listed a series of values which differ somewhat from those given by 
Huggins, probably because he does not use Huggins’ “basic radii” in 
computing the repulsion energy. More recently Ladd and Lee (76) have 
ueed a method to compute lattice energies which eliminates the need for 
basic radii and their values are included for comparison. The values of 
the lattice energy predicted (66) by the Kapustinskii equation are also 
included for comparison in Table XIII. 

The values of Huggins are probably. the most accurate lattice energies 
obtainable and agree with the Born-Haber cycle values to within the 
experimental accuracy of the cycle terms. The values given by the 
Kapustinskii equation will be seen to be rather low. The Born cycle 
values are obtained from the values of hHf0M+(g) and AH,OMX(S) 
given by the U. S. Bureau of Standards, circular 500, and the values of 
hHfOX- (g) decided upon by Pritchard (lot?), as a result of a review 
of all the experimental data. 

B. THE ALKALI MEPAL HYD~ZIDES 
Apart from the quantum mechanical calculations of the lattice energy 

of LiH, due to  Hylleraas (59) and to Lundquist (871, the only calcula- 
tion has been made by Bichowsky and Rossini (10) who derived the 
lattice energy of LiH using a Born-Lande expression. Accurate values 
of the lattice energies are available from thermochemical data and 
Kazarnovskii (72) has used these values to calculate the exponent in 
the Born repulsion coefficient. Using a simple Born-Mayer expression, 
ignoring Van der Waals terms, the present author, taking p = 0.345 A, 
the value found for the alkali halides, has obtained values for the lattice 
energies of all the alkali metal hydrides. These values are compared with 
the thermochemical data in Table XIV. It will be seen that the theoreti- 



TABLE XI11 

LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL HALIDES 

Mayer and de Boer and Ladd arid 

Salt cycle 1932 (114) 1943 (66) 1933 (99) 1936 (99) 1938 (63) 1940 (ff.9) 1958 (76) 
Born Sherman Kapustinskii Helmholtz Verwey Huggins Seitz Lee 

LiF 
LiCl 
LiBr 
LiI 
NaF 
NaCl 
NaBr 
NaI 
KF 
KC1 
KBr 
KI 
RbF 
RbCl 
RbBr 
RbI 
CsF 
CSCl 
CsBr 
CSI 

241.2 
198.2 
188.5 
175.4 
216.0 
183.8 
175.9 
164.5 
191.5 
166.8 
160.7 
151.0 
183.6 
162.0 
155.2 
146.5 
171.0 
153.2 
148.3 
140.3 

238.9 
192.1 
181.9 
169.5 
213.8 
179.2 
170.5 
159.6 
189.2 
163.2 
156.6 
147.8 
180.6 
157.7 
151.3 
143.0 
171.6 
147.7 
142.3 
134.9 

227.7 
192.1 
189.5 
170.4 
211.5 
179.9 
175.5 
161.0 
188.5 
162.7 
161.3 
146.8 
181.7 
158.2 
149.7 
141.0 
170.4 
149.4 
143.9 
134.7 

240.1 
199.2 
188.3 
174.1 
215.4 
183.1 
174.6 
163.9 
189.7 
165.4 
159.3 
150.8 
181.6 
160.7 
153.5 
145.3 
173.7 
152.2 
146.3 
139.1 

243.0 
201.9 
192.0 
178.7 
216.1 
186.0 
178.3 
168.9 
193.5 
168.9 
163.4 
154.6 
186.0 
164.7 
158.6 
150.3 

243.6 
200.2 
189.5 
176.1 
215.4 
183.5 
175.5 
164.3 
192.5 
167.9 
161.3 
152.4 
183.0 
162.0 
156.1 
148.0 
175.7 
153.1 
149.6 
142.5 

242.0 
200.2 
189.7 
176.2 
214.5 P 
184.4 < 
176.5 U 
166.1 r? 
191.8 192 2 

Y 

P 

167.5 165 
161.7 159 
153.1 149 
184.2 
162.7 
-156.7 
148.4 
175.8 
155.6 
150.0 
142.7 



TABLE XIV 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL HYDRIDES 
Y 

Thermochemical i e 

Quantum mechanical Kazarnovskii Bichowsky vduefrom 8 
salt value value for n and Rossini Waddington Born cycle M 

m 
4 
m 

H 

4.40 218.2 234.0 216.5 td 
E: 5.24 202.0 193.8 

170.7 rn 5.85 177.2 
6.63 168.6 164.4 
6.97 162.0 156.1 

218 (Hylleraas) 
205 (Lundquist) 

LiH 

NaH 
KH 
RbH 
CsH 
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cal values are too high and this is ascribed to the difference between the 
repulsion energies and compressibilities of the hydrides and those of the 
halides. 

c. THE ALKALI 3IETAL .4XD ALKALINE EARTH CHALCOGENIDES 

The lattice energies of the alkaline earth oxides, sulfides, selenides, 
arid tellurides have been calculated by a number of workers, though 
most attention has been focused on the oxides. Sherman (114) used the 
simple Born formula. Later $layer and Maltbie (96) used the Born- 
Mayer expression for the lattice energies, calculating the London dis- 
persion energies from the polariaabilities of the free ions. van Arkel and 
de Boer (123) also calculated the lattice energies of some of the chal- 
cogenides. Later de Boer and Verwey (29) recalculated the lattice en- 
ergies of the oxides, because the Mayer and Maltbie interatomic distances 
had been based on density measurements and differed significantly from 
those obtained from the X-ray data. Other calculations have been made 
by Fowler (58) and by Kapustinskii (66). More recently Kapustinskii 
and Yatsimirskii (69) have recalculated a large number of lattice en- 
ergies and Huggins and Sakamoto (54) have recalculated the lattice 
energies of all the alkaline earth chslcogenides. They used the Huggins 
“basic radii” and improved expressions for the dispersion energy based 
on the optical properties of the crystals. Unfortunately satisfactory com- 
pressibility data were not available and so the repulsion energy term 
remains the major source of error in their calculation. Morris (99) has 
recently calculated the lattice energies of BaO, LizO, Na20, K20, RbzO 
and Cs20; he considers these salts to be more ionic than the alkaline 
earth oxides. The values obtained by the different workers are collected 
in Table XV. 

Probably the results of Huggins and Sakamoto and of Morris rep- 
resent the best available lattice energy data. Huggins and Sakamoto 
give values of aH,002- = 221 =t 15, AHfoS2- = 152 -t 15, AH?Se2- = 
165 k 15 and AHfoTe2- = 145 * 20 kcal/mole. hiorris obtains AHPOZ- 
= 211 +_ 7 kcal/mole. 

D. THE -4LfiALI J~ETAL HYDROXIDES 

The position with regard to the lattice energies of the alkali metal 
hydroxides is by no means satisfactory. At room temperature they have, 
with the exception of LiOH which is tetragonal, orthorhombic lattices, 
in which the OH- ions are obviously not rotating. At  higher tempera- 
tures they undergo a transition to cubic NaCl lattices. A number of 
calculations of their lattice energies have been made, not all of them 
based on a knowledge of the crystal structure. Born and Kornfeld (18) 



TABLE XV 
LATTICE ENERGIES (KCAL/MOLE) OF THE CWLCOGENIDES 

Huggina 

Sakamoto Mayer and Boer; Kapustinskii 
and van Arkel 

and de Boer and and Zhanov 
Salt Morris (4 (b) Maltbie Verwey 3 Fowler Yatsimirskii (136) Sherman Kappustinskii 

BeO 
BeS 
Be& 
BeTe 
MgO 
MnS 

1026 1082 
854 893 
8B 855 
763 795 

1080,1030 

907 938 !Y39 936.920 
764 788 800 790 
734 757 
678 699 
816 841 83 1 €Go, 825 
707 726 737 710 

976 
766 
743 

876 
714 
700 
648 
829 
688 
675 
626 
780 
662 
652 
609 

934 
807 

845 
740 
704 

789 
696 
664 

751 
666 
638 

907 

801 
939 
77 1 

84 1 
72 I 

914 

786 F 
R 
5! 
ij 

719 m 
E! 684 

769 
676 2 
644 g 
73 1 
646 
617 

CaSe 683 701 698 
CaTe 644 662 
SrO 769 792 766 784,780 790 
SrS 675 692 686 680 686 
SrSe 654 671 666 
SrTe 620 635 
BaO ‘ 2 1 . 3  724 746 727 740,735 746 
Bas 643 659 647 640 655 
BaSe 624 639 636 
BaTe 594 608 
Li90 695 
Li2S 576: 
NasO 601.7 
NasS 516 
KIO 532.8 
KIS 565* 
RbO 513.0 
R M  446: 

* Values of C. D. Weat (199). 
$ In this column when two values are given they represent upper and lower limits. 

+ 
co w 



TABLE XVI 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL HYDROXIDES 

Salt 

LiOH 
NaOH 
KOH 
RbOH 
CsOH 

Born and Van Arkel 
Kornfeld and de Boer Goubeau 

U AHfoOH- U AIZfoOH- U AHfOOH- 

215 63.1 205 73.1 205 73.1 
205 41.8 166 80.8 
181 42.7 145 78.7 
172 44.0 137 79.0 
158 48.1 130 76.0 

Kapustinskii 
Goubeau as given by 

and Klemm Unzhakov 
U AHfOOH- U A H ~ O H -  

234 43.6 229.5 48.1 
209.0 35.8 
184.0 39.7 
174.1 42.0 
165.1 41.1 

5 
Hydration ?' 

Waddington West heat < 

s 

4 

U AHfOOH- U AH,"OH- U AHjOOH- & 

229.3 48.8 
197 50 201 46 196.1 50.7 
175 49 172.7 51.0 

165.7 50.3 
156.6 49.5 
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calculated the lattice energies of the salts, as did van Arkel and de Boer 
(123), without a proper knowledge of the crystal structure. Later Gou- 
beau (41) calculated the lattice energy of LiOH from its crystal struc- 
ture; the values of the lattice energies of the other alkali metals he lists 
are based upon this calculation and are not direct determinations. Gou- 
beau and Klemm (49) later attempted to correct Goubeau’s original 
value for LiOH to allow for the permanent dipole moment of the OH- 
ion, which is not rotating. The values for the lattice energies given by 
Juza (62) are based on fairly crude assumptions about the molecular 
volume of the hydroxide ion, arrived a t  from specific gravity measurements. 
West (129) gives a value for the lattice energy of the high temperature 
form of NaOH using a simple Born-Lande expression. Kapustinskii’s 
(65, 66) formula has also been used to calculate a thermochemical radius 
of the alkali metal hydroxide ion of 1.40 A, and inserting this into the 
Kapustinskii equation the lattice energies given in Table XVI are ob- 
tained. Unzhakov (121) quotes a slightly different set of lattice energies 
derived by the Kapustinskii equation. Unfortunately none of these cal- 
culations yield consistent values of AH,OOH- (g) = AH,OOH(g) - EOH 
from hydroxide to hydroxide, nor values in agreement with the experi- 
mental value for E O H  given by Page (102). 

The present author has used the Born-Mayer expression to calculate 
the lattice energies of the high temperature cubic forms of NaOH and 
KOH, and has also calculated the lattice energies from the hydratiop 
enthalpies obtained from interpolating on the crystal radius-hydration 
enthalpy plot of Fig. 1, the crystal radius of 1.47 A found by Goubeau 
(41). The values of West, the author’s Born-Mayer calculation for 
NaOH and KOH and the hydration enthalpy values are in good agree- 
ment with each other and lead to a value of AHFOH- (g) of 50 kcal/mole 
in good agreement with Page’s experimental value for EOH. 

E. THD ALKALI METAL HYDROSULFIDES 

The lattice energies of the high temperature forms of the alkali metal 
hydrosulfides were calculated by C. D. West (129) using a simple Born- 
Lande expression. Yatsimirskii (133) has assigned a thermochemical 
radius of 1.95 A to the SH- ion. He does not list values for the lattice 
energies in his paper but only the derived quantity AHFSH- (g) = 27.8 
kcal/mole. The values obtained by using his thermochemical radius in 
the Kapustinskii equation are given in Table XVII together with West’s 
values for-the high temperature, cubic, forms, and with the author’s 
values using a simple Born-Mayer expression. The value of AH,*SH- (g) , 
obtained from each lattice energy are also listed and they are in good 
agreement and lead to a value of 30 kcal/mole being adopted. 
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TABLE XVII 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL HYDROSULFIDES 

West Waddington Y atsimirskii --- __ ~ 

Salt G' AH,%H- U AH,%H- U AIT~SH- 
~ ~~~ 

IdSH 178 181.4 183.5 
NsSH 168 33.3 168.2 33.1 172.8 28.5 
KSH 155 30.1 155.3 29.8 156.5 28.6 
RbSH 150 29.5 149.0 30.5 150.0 29.5 
CsSH 143 28.8 139.0 32.8 144.0 27.8 

F. THE ALKALINE EARTH IMIDES 

The alkaline earth imides have a cubic, NaC1-type lattice and their 
lattice energies have been evaluated by A. P. Altshuller ( 4 ) .  Since the 
conipressibilities mere unknown he used the Born-Lande equation and 
adopted the value of n used by Sherman for the corresponding oxides. 
He did not incorporate a term to allow for the dispersion energy and 
found for the lattices energies of CaNH, SrNH and BaNH values of 
787, 752 and 711 kcal/mole, respectively. Only the heat of formation of 
BaNH was available and from this a value of AH,ONH- of 261 kcal/mole 
and hence a double electron affinity of -184 kcal/mole was obtained. 

f:. THE ALKALI METAL AMIDES 

The lattice energies of the alkali inetal ainides were initially crudely 
computed by Juza (@), who used density measurements to calculate 
a molecular volume and hence a radius of 1.75 A for the amide ion. He 
used this radius to obtain the lattice energy. Yatsimirskii (133) obtained 
a thermochemical radius for the amide ion of 1.30 A. This value is widely 
at  variance with both Juza's original value and the crystallographic value 
of 1.67 A obtained by Juza and Opp (63) .  Neither Juza nor Yatsimirskii 
allow for the dipole moment that the amide ion possesses nor do their 
lattice energies produce very consistent values for hHf0NH2-. If the 
mlue of 1.67 A for the radius of the ainide ion is used in Kapustinskii's 
forniula the values for the lattice energies obtained are close to those 
given by Juza. However, the values for aH,0NH2- are still not con- 
sistent and the best that  can be said is that  the values for the lattice 
energies are doubtful. 

H. THE ALKALI METAL CYANIDES 

The lattice energies of the alkali metal cyanides, which a t  room tem- 
lierature crystallize with the KaCl and CsCl structures, were calculated 
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by Sherman (114). Yatsimirskii (133) has also calculated a “thermo- 
chemical radius” of the cyanide ion of 1.82 A and the values obtained 
from the Kapustinskii equation using this radius are given in Table 
XVIII. The present author has calculated the lattice energies of these 
salts, using a simple Born-Mayer expression, ignoring the dispersion 
energy and also using the more complicated expression of Huggins. In 
both p was taken as 0.345 A. The values obtained by the latter method 
are surprisingly near those given by Sherman and are probably as good 
as any available. They lead to a value of AH,OCN- (g) = 7 kcal/mole. 
The values of Yatsimirskii are less reliable. 

TABLE XVIII 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL CYANIDES 

Waddington 

Sherman Yatsimirskii 

Salt U AHjOCN- 

LiCN 
NaCN 169.4 4-3.1 
KCN 154.9 4-6.1 
RbCN 149.1 $6.3 
CsCN 141.3 4-6.6 

U AHjaCN- 

192 
179 +12.7 
162 +13.2 
155 4-12.2 
149 f13.3 

(9 
Simple (ii) 

Born-Mayer Huggins 

U AHj’CN- U AHfOCN- 

174 4-7.7 170.2 $3.9 
158 4-9.2 156.5 $7.7 
151 +8.4 150.3 +7.5 
139 4-3.3 142.4 $7.7 

I. THE ALKALI METAL BOROHYDRIDES 

The lattice energies of the alkali metal borohydrides, which have 
the NaCl structure, have been calculated by Altshuller (3). He em- 
ployed a simple Born-Lande expression and chose the values of n. ap- 
propriate to the corresponding fluoride, which is isoelectronic with the 
borohydride. He added a dispersion energy term. The values he obtained 
for the lattice energy were: NaBH4, 168; KBH4, 159; RbBH4, 155; 
CsBH4, 150 kcal/mole. These values lead to a value of -23 f 5 kcall 
mole for AH,OBH~- (g) and hence to a value of -75 f 5 kcal/mole for 
the enthalpy of the gaseous reaction 

BHs + H- = BHd- 

J. THE ALKALI METAL SUPEWXIDES 

The lattice energies of the alkali metal superoxides have been calcu- 
lated by Evans and Uri (56) and by Kazarnovskii (71). Evans and Uri, 
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unlike Kazarnovskii, did not calculate accurate Madelung constants for 
the lattice and their values are inferior to his for that reason. The re- 
sults of both calculations are given in Table XIX. 

TABLE XIX 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL SUPEROXIDES 

Evans and Uri Kazarnovskii 
~ _ _ _  

Salt U AHjO02- U AHjOOC- 
~ ~ ~- ~ 

KO? 172.2 - 17.9 168 -22.1 
RbOz 168.2 - 13.3 162 - 19.4 
CSOZ 164.5 -7.7 156 -16.2 

- 

K. THE ALKALIXE EARTH PEROXIDES 

The lattice energies of the alkaline earth peroxides have been calcu- 
lated by Evans and Uri (35) and by Vedeneev et al. (124). There is 
considerable discrepancy in the two sets of results but that of the Rus- 
sian workers is preferred for the reasons given in Section J. 

TABLE XX 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALINE EARTH PEROXIDES 

Evans and Uri Russian workers 

Salt L' A HjOOP U AHfOO2'- 

CaO? 735 +113.9 
Sr02 698 +116.7 752.9 +171.6 
Ba02 647 +100.8 717.0 +170.8 

L. THE ALKALINE EARTH ACETYLIDES 

The lattice energies of the metallic carbides have been calculated 
by L. I. Kazarnovskaja (70) who obtained values of CaC2, 813.7; SrC2, 
769.4 and BaC2, 720.8 kcal/mole. I. Hodes (50) has repeated Kazar- 
novskaja's calculation and obtained values of AH,OCZ2- (g) by means 
of a Born cycle. He does not give values for the lattice energies but 
reports a value of -245 kcal/mole for 

31. THE LATTICE ENERGIES OF THE ALKALI METAL AZIDES 

The lattice energies of the alkali metal azides have been evaluated 
by Gray and Waddington (43) ,  ti) by direct computation, using the 

(g) . 
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method of Huggins and allowing for the effect of the quadrupole moment 
of the ion, (ii) by using the equation of Kapustinskii, and (iii) by com- 
putation of hydration heats and measurement of the heats of solution. 
The values obtained by the different methods are given in Table XXI. 
The values from (i) and (iii) are in good agreement but the values from 
(ii) are low. An average value of hH,0Ns-(g) = 35 kcal/mole is ob- 
tained. 

TABLE XXI 

THE LAITICE ENERGIES (KCAL/YOLE) OF THE ALBALI METAL AZIDES 

Hydration heat 

Kapustinskii Term-by-term (a) Ionic (b) Lyotropic 
Azide formula calculation radius number 

LiN3 184 191 194 
NaNa 168.5 173 175 
KNa 153 157 155 157 
RbNs 147 150 149.5 151.5 
CsNs 140 143 143.5 145.5 

N. THE ALKALI METAL BIFLUOBIDES 

The lattice energies of the alkali metal bifluorides have been recently 
computed by Waddington (1.37) by extended calculation. Values ob- 
tained are: KHF2, 153.4; RbHF2, 147.3; CsHF2, 143.3 kcal/mole. They 
lead to a value for AHfOHF2- (g) of -150 * 5 kcal/mole. 

0. THB ALKALI METAL CYANATES 

Yatsimirskii (134) has computed a thermochemical radius of 1.59 A 
for the cyanate ion and from this the lattice energies of the alkali metal 
cyanates may be derived by substitution in the Kapustinskii equation. 
However the value 1.59 A for the radius seems to be much too low. The 
alkali metal cyanates have lattice parameters almost identical to the 
alkali metal azides and Gray and Waddington have deduced an “average 
radius” for the azide ion of 2.04 A. A similar value would be expected for 
the cyanate ion. Adopting the value 2.04 A, the author has (i) used it 
in the Kapustinskii equation to deduce lattice energies and (ii) used it 
in the hydration enthalpy versus crystal radii interpolation to deduce 
hydration enthalpies for the cyanates. Unfortunately only the lattice 
energies of sodium and potassium cyanates can be deduced because the 
enthalpies of solution of the other cyanates are unknown. The charge 
distribution on the cyanate ion is not known and this makes the ex- 
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tended calculation of cyanate lattice energies yery difficult. However 
a preliminary calculation has been made by the author for potassium 
cyanate. The results obtained are summarized in Table XXII. A value 
of -63 kcal/mole is adopted for AH,ONCO-(~). 

TABLE XXII 

THE LATTICE ENERGIES (KCALiMOLE) OF THE ALKALI 1IETAL CYANATES 

Yatsimirskii 

Salt G AH~NCO- 

Iiapustinskii’s 
formula with 

radius of NSO- 
= 2.04 A 

c‘ AHjoNCO- 

LiNCO 2003 
NaNCO 193 -48.6 
KNCO 173.5 -48.1 
RbNCO 165.5 
CsNCO 158 

184 
169 -71.0 
I53 -67.4 
147 
140 

Hydration hesc 
from radius of Extended 

2.04 A calculation 

U AHJONCO- U AHfONCO- 
___ 

176 -64.4 
156 -64.2 158 -62.4 

P’. THE ALKALI METAL THIOCYASATE~ 

The lattice energies of the alkali metal thiocyanates can be calcu- 
lated from Yatsimirskii’s (133) thermochemical radius of 1.95 A or, in 
the case of NaCNS and KCNS, from the hydration enthalpies obtained 
ironi the Biichner interpolation by Waddington (126). The results arc 
given in Table XXIII. There is a considerable discrepancy between 
them. Waddington’s results lead to a value of -25.9 kcal/mole for 
IH,OCKS- (g) and Yatsimirskii’s to  a value of - 1  1.5 kcal/mole. 

TABLE XXIII 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE 

ALKALI METAL THIOCYANATES 

Value from 
Salt 1-atsimirskii Iiydration heat 

L- U 

1,iCX;S 1&7.5 
NaCNS 1 73 161 
KCN’S 156.3 143 
RbCNS I 50 
CsCNS 144 
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Q. THE ALKALI METAL NITRATES 

The only direct calculation of the lattice energy of an alkali metal 
nitrate was made by Topping and Chapman (119) in 1927. They cal- 
culated an electrostatic potential of an array of Na+, N6+, and 02- 
ions, not including the self energy of an N6+032- group, so that this 
term corresponds to  a Madelung energy for an array of point charges 
at the centers of the NOS- and Na+ ions plus a multipole energy term, 
the multipole having the charge distribution indicated below. 

- 2e - 2e 
0 0 
\ /  + 6e 

N 
I 
I 

0 
- 2e 

This is obviously too high a charge distribution, so that the size of this 
term would be expected to be too large. The repulsive energy term was 
represented as l/P, n being taken as equal to 10; a value of 178 kcal/mole 
was obtained. Hojendahl (6.2) has calculated an electrostatic energy of 
180 kcal/mole and using a simple Born-Lande expression the present 
author finds a value of 162 kcal/mole. This value is obviously too low, 
as no allowance has been made for the dispersion energy or for the 
multipole energy; these two terms together may well be of the order of 
10-15 kcal/mole. Yatsimirskii (133) has calculated a thermochemical 
radius of the nitrate ion of 1.89 A and the values obtained for the lattice 
energies from this value are given in Table XXIV. Waddington (1%) 
has also obtained the lattice energies from the value of the hydration 
heats of the ion pairs obtained by the Buchner extrapolation. Yatsimir- 
skii (153) gives a value of AHt0No3-(g) = 80 kcal/mole while Wad- 
dington’s results lead to a value of -81.4 kcal/mole. 

TABLE XXIV 

THE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL NITRATES 

Kapustinskii Chapman Hydration 

Salt U U U U 
formula and Topping heat value Hojendahl 

LiK03 187 195 
NsNOa 176 178 176 162 
KNOs 160 159 
RbNOa 153 155 
CsNOs 148 145 
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R. THE ALKALINE EARTH AND OTHER METAL CARBONATES 

The lattice energies of the carbonates of several divalent metal ions 
were calculated by Lennard-Jones and Dent (80). They calculated the 
lattice energy of an array of M2+, C4+, and 02- ions, not including the 
self energies of the C4+082- groups. This is equivalent to calculating a 
Madelung energy for an array of point charges at the centers of the 
M2+ ions and the centers of the C032- ions plus a multipole energy, the 
multipoles having the distribution 

-2e -2e 
0 0 
\ /  

+6e 
C 
I 
0 - 2e 

This is obviously too high a charge distribution so that one would ex- 
pect the total electrostatic energy to be too large. The repulsive energy 
was represented as l/rn, n being taken equal to 10-11. However no term 
was included for the dispersion energy. Hojendahl (52) has calculated 
Madelung energies for a number of divalent metal carbonates with the 
calcite structure, and using the repulsive energy term l/r" with n = 10 
the author has calculated the lattice energies given in Table XXV from 
Hojendahl's data. These are all probably too low as no permanent multi- 
pole or dispersion energy terms have been included. Kapustinskii and 
Yatsiniirskii have calculated a thermochemical radius of 1.85 A for the 
carbonate ion and the values obtained on inserting this into the Kapus- 
tinskii equation are also given in Table XXV. It will be seen from the 

TABLE XXV 

THE LATPICE ENERGIES (KCAL/MOLE) OF THE ALKALINE EARTH 
AND OTHER METAL CARBONATES 

Kapustinskii and Lennard-Jones Hojendahl plus 
Y ataimirskii and Dent repulsive term 

Salt U AHf°COa'- U AHf"C0s" U AHjOC03" 

MgCOs 760 - 67 771 - 56 696 -131 
CaCOs 714 -37 701 -50 644 - 107 
SrC03 650 - 64 
BaCOs 625 -61 
ZnCOa 746 -112 775 -83 693 - 166 
CdCOs 700 - 105 715 -90 652 - 153 
hfnCOa 728 - 86 747 - 67 665 - 150 
FeC03 746 - 72 762 -66 G86 -142 
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table that the values for aHPC03-(g) are not very consistent in any 
of the sets of data, nor do the sets of data agree with each other very well. 
The internal inconsistency may be a reflection of nonionic bonding in 
some of the heavy metal carbonates. 

S. THE ALKALI METAL BOROFLUOIUDES 

The lattice energies of the cubic, high temperature forms of NH4BF4 
and KBF4 have been calculated by Altshuller ((2). The lattice energies 
of KBF4, RbBF4, and CsBF4 were also calculated approximately by de 
Boer and Van Liempt ((28) . Kapustinskii and Yatsimirskii (68) have 
calculated a thermochemical radius of 2.28 A for the BF4- ion from 
which the lattice energies of the alkali metal salts may be found. The 
values obtained are given in Table XXVI. It will be seen that they are 
all fairly concordant and lead to a value for aH,0BF4-(g) of -406 
kcal/mole. 

TABLE XXVI 

TEE LATTICE ENERGIES (KCAL/MOLE) OF THE ALKALI METAL BOROFLUORIDES 

de Boer and 
Ruesian workers Van Liempt Altahuller 

Salt U AHj'BF4- U AHf'BF4- U AHf'BF4- 
-~ ~ 

LiBF4 167 -408 
NaBF4 157 -406 
KBF4 143 -408 148 -403 144 -407 
RbBF4 138 -403 135 -406 
CsBR 133 -405 129 -409 
NHIBF, 136 

IV. Uses of Calculations of Lattice Energies 

A. AHtoX- (g) AND THE DETERMINATION OF ELECTRON AFFINITIES 

The application of the Born-Haber cycle to a theoretically deter- 
mined lattice energy actually gives a value for AHtoX-(g), or 
AHIoX(g) - E ,  and a knowledge of AHfox(g) is required before a 
value can be assigned to the electron affinity. Alternatively, if a value 
of the electron affinity is available from other sources a value for the 
enthalpy of formation of the free radical AHtoX(g), can be obtained. 
However in some cases such as NO3, 0 2 ,  NO*, X is not a free radical 
but a stable molecule whose enthalpy of formation is known and then 
the electron afhity can be found directly. In some other cases, for ex- 
ample, the alkali metal halides and the alkaline earth oxides, a bond 
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dissociation energy is needed in addition to the lattice energy and then 
a value for the electron aftinity can be found. The values obtained for 
AH,OX- (g) from the lattice energies discussed in the preceding section 
are listed in Table XXVII. 

TABLE X X V I I  

VALVES OBTAISED FOR A H / X - ( g )  (KCAL/MOLE) 

Value 

217 
152 
16F 
145 
50 

-31 

_____- 
Vnlae Group 

15 c21- 

26 1 N3- 
i .0 HFZ- 
- 23 CNO- 
-19 N03- 
171 BF,- 

- 
Value 

___ 

- 245 
35 

150 
- 63 
-81 

-406 

B. THE DETERMINATIOS OF ABSOLUTE VALUES 
OF PROTON AFFIXITIES 

The classical example of the use of lattice energies to determine pro- 
ton affinities is the case of the ammonium ion. Grimm (&) pointed out 
that the following cycle could be used to obtain the proton affinity of 
ammonia. 

The proton affinity of ammonia is therefore given by the relation 

P?;H* = - ( I  ~ + 2RT) + I, - Ex + AHjoX&(g) + AHjoH(g) 
+ AH/OX(g) - AHjONH,X(s) 

= - ( I '  + 2RT) t AHj"H+(g) + AHjoNHa(g) + AHjoX-(g) 

- AH,ONH& 

where I ,  is the ionization potential of the hydrogen atom. 
Values for the lattice energies of the ammonium halides were origi- 

nally calculated by Griinni ( 4 5 )  ; later van Arkel and de Boer (122) 
gave a value of 148 kcal/mole for the lattice energy of NH4Cl. Prob- 
ably not too much reliance can be placed on these values. Rleick (11) 
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using the extended Born-Mayer method, calculated the lattice energies 
of all the ammonium halides. His values together with the resulting 
proton affinities are given in Table XXVIII. The actual value obtained, 
209 kcal/mole, differs by about 3 kcal/mole from that given by Bleick 
because more recent thermochemical data have been employed. It will 
be seen that there is a discrepancy in the lattice energy of ammonium 
fluoride, which has the wurtzite structure (4:4 coordination) ; the rea- 
son is that the actual lattice energy of NH4F contains an appreciable 
energy term due to hydrogen bonding. 

TABLE XXVIII 
THE LATTICE ENERGIES (KCAL/MOLE) OF THE AMMONIUM HALIDES 

AND THE PROTON AFFINITY OF AMMON~A 

NH$ 

175.2 

+111.6 
367.08 

-64.8 
-11.04 

- 176.4 

PNH, 227.6 

NH&I 

161.6 

+75.38 
367.08 

- 162.8 

-59.2 
-11.04 

NH4Br 

154.0 
- 155.2 
f64.61 
367.08 

-54.9 
-11.04 

209.4 210.5 

NHif 

145.5 

+48.3 
- 146.7 

367.08 
-49.1 
-11.04 

208.5 

The method outlined above is capable of extension to a number of 
groups though no very wide use has been made of it. Sherman (114) 
calculated the proton affinity of water by assuming that the lattice 
energy of hydroxonium perchlorate (H@-C1o4-) was the same as that 
of NH4+C101- since the unit cells of the two solids are isomorphous 
and very nearly the same size. He obtained a value of 182 kcal/mole. 
The proton affinities of the methylamines could be obtained by this 
method if their lattice energies were known. Certainly_ approximate 
values could be obtained by the use of the Kapustinskii equation. 

TABLE XXIX 
PHOTON AFFINITIES ( KCAL/MOLE) 

Group NHa NHe- NH* 
Proton aflinity 209 393 613 

Group HsO OH- 0' 
Proton sfsnity 182 375 554 

Group SH- S'- 
Proton a i t y  342 550 
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The lattice energies of the alkali metal hydroxides, the alkali metal 
amides, the alkaline earth chacogenides and the alkaline earth imides, 
give values for aHf0OH-(g) etc. and su enable the proton affinities of 
these groups to be calculated. The values obtained are given in Table 
XXIX. 

C .  THE ABSOLUTE ENTHALPIE~ OF FORMATION OF COMPLDX IONS 

In aqueous solution the factors which affect the enthalpy of forma- 
tion of a complex ion are complicated by the presence of an effect caused 
by a change in the enthalpy of solvation. If we consider the reaction 

BFdaq) + F-(aq) + BFd-(aq) 

we see that a fluoride ion has lost its solvation sheath and that a boro- 
fluoride ion has been solvated. In the similar reaction in the gas phase 

BFdg) + F-(g) + BF4-k) 

there are no solvation effects and the only effects are due (1) to a 
change of hydridization of the original bonds and (2) to the formation 
of a new bond. The calculated lattice energies of the alkali metal salts 
enable values for aH,OF-(g) and aHf0BF4-(g) to be assigned and 
hence the enthalpy of the reaction can be calculated. So far there are 
data available for only a few complex ions, for example, HFz-, BH4-, 
BF,-, and the values for their enthalpies of formation are given in 
Table XXX. 

TABLE XXX 

THE ENTHALPIES OF FORMATION OF SOME COMPLEX IONS 

Complex 
ion Reaction 

Enthalpy 
(kcal/mole) 

BF4- BFI + F -  +BF4- - 76 
BH4- BHI + H- + B H I  - 75 
HR- HF +F--+HFs-  - 58 

D. LATTICE ENERGIES AND NONIONIC CONTRIBUTIONS 
TO BONDING IN CRYSTAL LATTICE 

Sherman (114) and other workers have compared crystal energies 
obtained by the Born-Haber cycle from experimental thermochemical 
data with theoretical values calculated assuming strict ionic character. 
The differences obtained have been used to indicate deviations from 
strict heteropolarity. Sherman (114) in his review gives results for 50 
crystals, the computations being made with the Born-Lande equation. 
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Later workers have used the Born-Mayer equation and the extended 
Mayer-Huggins method, allowing for the Van der Waals and zero-point 
energies. The computations made and their comparison with thermo- 
chemical data, utilizing the most recent data, either from the U .  S. 
Bureau of Standards Circular 500 or from later sources, will be con- 
sidered below. 

1. The Halides of Univalent Metals 
(Other than the Alkali Metals) 

After Sherman (114) , the lattice energies of the argentous, the thal- 
lous and the cuprous halides were recalculated by Mayer (9g) and by 
Mayer and Levy (95). Later Altshuller ( 1 )  and Morris and Ahrens 
(100) corrected the earlier experimental values for the lattice energies, 
using new values for the heats of sublimation of the metals. Ladd and 
Lee (7'6) have recently recalculated the lattice energies of the silver and 
thallous halides by a method avoiding the use of the Huggins basic radii, 
which are difficult to fix for these salts. The values obtained, together 
with the best values for the thermochemical lattice energies are given in 
Table XXXI. 

It will readily be seen that the deviations between the theoretical 

TABLE XXXI 

LATTICE ENERGIES (KCAL/MOLE) OF SOME UNIVALENT HALIDES 

Cycle values 
Mayer; 
Mayer Ladd and Morris and Ladd and 

Salt Sherman and Levy Lee Ahrens Lee 

AgF 207.9 219 220 23 1 228 
AgCl 187.3 203 199 219 216 
AgBr 181.3 197 195 217 214 
A d  175.9 190 186 214 211 
T1F 198 
TlCl 159.3 167 164 176 175 
TlBr 154.9 164 159 173 172 
T1I 148.4 159 152 168 166 
CuF 
CuCl 206.1 216 234 
CuBr 197.7 208 232 
CUI 187.7 199 229 
AuF 
AuCl 249 
AuBr 249 
AuI 25 1 
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and experimental lattice energies for the halides of a given metal are 
least in the fluoride and increase through the chloride and bromide and 
are greatest in the iodide, in accordance with the increasing polariza- 
bility and decreasing electronegativity of the halide. Again for the 
metal salts of a given halide the deviations increase in passing from 
the thallous through the argentous to the cuprous salts. This is, as Morris 
and Ahrens point out, in the order of increasing ionization potential and 
decreasing radius of the ion. It is interesting to note that aurous iodide, 
the only aurous halide whose structure has been report,ed! has a lattice 
consisting of chains of --i\u--I-Au-I-Au-. 

2. The Halides of the Divalent Metals 

Sherman (11.6) originally presented a good deal of data on the the- 
oretical and thermochemical lattice energies of the divalent metal halides, 
the calculations being made with the Born-Lande equation. Morris (98) 
has extended the theoretical calculation, again using the Born-Lande 
equation and has recalculated the thermochemical data. McClure and 
Holmes (97) have also recalculated the thermochemical data for the 
lattice energies of the transition metals. The results of these calculations 
are given in Table XXXII. 

Before these results are discussed however the occurrence of a new 
energy term in those crystals in which the metal ion has an unfilled 
d shell must be considered. Under the influence of the electrostatic field 
of the neighboring negative ions the otherwise degenerate orbitals of the 
metal ion are split; the nature of the splitting depends on the symmetry 
of the crystal field. This splitting produces a stabilization energy. For 
an account of the theory and references to earlier work the reader is 
referred to the review articles by Orgel (101) and Griffith and Orgel 
(4.41. Orgel (101) pointed out that if the thermochemical lattice energies 
of the divalent transition metal halides were plotted against their atomic 
number a minimum occurred a t  the manganous salt, which has the d5 
configuration. Recently Hush and Pryce (57) have repeated the Orgel 
plot and drawn a smooth curve through the values of the lattice energies 
of the calcium, manganous, and zinc salts. Here the metal ions have the 
configurations 3d0, 3d5, 3dI0, so that in these salts the crystal field 
stabilization energy is zero. The difference between points on this smooth 
curve and the actual thermochemical values of the lattice energies gives, 
to a first approximation, the crystal field stabilization energies. More 
refined calculations carried out on the oxides of the transition metals 
suggest that the approximation yields values which are rather low (57). 
The variation of thermochemical lattice energy with atomic number is 
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Ca Sc Ti V Cr MnFe CoNi  Cu Zn 

Atomic number 
FIQ. 3. Crystal field stabilization of dihalides of first row transition metals. 

shown in Fig. 3 and the values of the crystal field stabilization energy 
are given in Table XXXII. 

It will be seen from Table XXXII, that after allowing for the crystal 
field stabilization energy, there is very little discrepancy in the case of 



TABLE XXXII 
LATTICE ENERGIES (KCAL/MOLE) OF DIVALENT HALIDES 

~ -~ ~ 

Crystal field 
Ionization Born-Haber stabilization 

Slllt Structure Dotential ev. Sherman A Morris A cycle enerw 

MgF2 Rutile 
CaF2 Fluorite 
TiF? 
VFZ 
CrF? 
M n Itutile 
FcF? Itutile 
COF? Rutile 
NiF2 Rutile 
CUP? Rutile 
ZnF? ltu tile 
BaF2 Fluorite 
SrF? Fluorite 
PbF2 Fluorite 
CdF? Fluorite 
HgF? Fluorite 
SrC12 Fluorite 
MgBr? CdI? 
MnBr, CdI, 
FeBr? CdIz 
CoBr? CdI2 
MRIZ CdI? 
CaI? CdIZ 
nI, CdI2 
MnI? CdIz 
FeI, CdI? 
COI? CdI? 
PbI2 CdIr 
CdIz CdI, 

15.03 
11 37 

15.64 
16.18 
17.05 
18.15 
20.29 
17.96 
10.00 
10.03 
15.03 
16.90 
18.751 
11.03 
15.03 
15.64 
16.18 
17.05 
13.57 
11.87 
13.57 
15.64 
16.18 
17.05 
15.03 
16.90 

696.8 
617.7 

656.3 
657.7 

697.1 
689.6 

556.4 
587.5 
580.7 
628.7 

493.6 

46 1 
477 

- 1.8 
+6 

$6 

+3 1 
+37 

+ 10 
0 

+14 
+33 

+12 

+49 
+Q9 

684 
622 

663 
68 1 
688 
694 
627 
688 
56 1 
592 
584 
634 
626 
496 
513 
522 
530 
536 
486 
455 
486 
481 
493 
502 
460 
477 

+11 
+2 

0 
+15 
+a 
+34 + 100 
+22 
+5 
-4 

+11 
+28 
+29 + 10 
+62 
+61 
+77 
+88 
+62 
+37 
+62 
+82 + 96 
+lo3 
+50 
+99 

695 
624 

657 15f 
671.5 f 20t 
688 f 3 
662 
696 
708 
728 
727 
710 
566 
588 
595 
662 
655 
506 
575 
583 
607 
624 
548 
492 
548 
563 
589 
605 
510 
576 

0 
0 
17++ 
23+ + 

30+ + 

0 
21.8 
24.8 
35.0 
27.0+ + 

0 
0 
0 
0 
0 
0 
0 
0 
0 
16++ 
20f + 

0 
30.6 
0 
14.8 
26.5 
0 
0 

A Represents the difference between the Born-Haber cycle and the calculated values of the lattice energy. 
* There seems to be some doubt as to the structure of CuF,, which perhaps explains the large discrepancy between Morris’ and Sher- 

++ These values of the crystal field stabilization energy have been calculated by the author, the rest are from the paper by Hush 

$ Estimate only. 

man’s vdues. 

and Pryce (16). 



LATTICE ENERGIES 211 

the fluorides between the calculated lattice energies and those obtained 
from the Born-Haber cycle. This indicates that the fluorides are pre- 
dominantly ionic. The small discrepancies which arise in the case of 
CdFz and HgFz are probably no larger than could be accounted for by 
a London dispersion term, which has been neglected in the simple calcu- 
lation. Practically no data are available for the chlorides but by the 
time the bromides have been reached the discrepancies are large and 
cannot be explained by the crystal field stabilization energies, which are 
too small. The discrepancies are even larger in the case of the iodides. 
Within a given series of halide salts the size of the deviation increases 
with increase in the ionization potential of the metal ion, as was pointed 
out by Morris (98). 

3. The Chalcogenides of the Monovalent Metals 
(Other than the Alkali Metals) 

A few lattice energies of these compounds have been calculated by 
Sherman (114) and his values together with the values given by the 
Born-Haber cycle are given in Table -111. It will be seen that the 

TABLE XXXIII 

THE LATTICE ENERGIES (KCAL/MOLE) OF SOME CHALCOQENIDES 
OF MONOVALENT METALS 

Salt Structure I Sherman A Cycle 

Ago0 Cuprite 7.574 585 +129.1 714.1 

cues Fluorite 7.724 612 +61 672.7 
CusSe Fluorite 7.724 599 +94.3 693.3 

cue0 cuprite 7.724 682 +95.7 777.7 

differences between the thermochemical and the calculated values are 
very large, so that these crystals cannot be considered to be primarily 
ionic. 

4. The Chalcogenides of the Divalent Metals 

The lattice energies of the chalcogenides of the alkaline earth metals 
and beryllium have already been discussed in Section I and it was noted 
that even in these compounds there appeared to be a non-ionic contri- 
bution in the sulfides, selenides, and tellurides. Values for the lattice 
energies of other chalcogenides are given in Table XXXIV, being taken 
from Sherman (114) and from Hare and Brewer (4.8) for some oxides. 
The size of the crystal field stabilization energy, given under (i) as a 
first approximation and under (ii) as the value obtained by a more 
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ThBLE XXXIV 

LAWICE ENERGIES (KCAL/YOLE) OF SOME DIVALENT METAL CHALCOGENIDES 

Cryntal field 
stabilization 

Salt Structure (ev) Sherman A Brewer (i) A Brewer (ii) A Cycle (i) (ii) 
I Hare and Hare and 

CaO 
Ti0  
vo 
MnO 
I'eO 
COO 
NiO 
ZnO 
CdO 
HgO 
PbO 
ZnS 
ZnS 
CdS 
HgS 
PbS 
MnS 
ZnSe 
CdSe 
Hgse 
MnSe 

NaCl 
NaCl 
NaCl 
NaCl 
NaCl 
NaCl 
NaCl 
Wurtzite 
NaCl 

Sphalerite 
Wurtzite 
Wurtzite 
Sphalerite 
NaCl 
NaCl 
Sphalerite 
Sphalerite 
Sphalerite 
NaCl 

11.87 
13.57 
14.71 
15.64 
16.18 
17.05 
18.15 
17.96 
16.90 

17.96 
17.96 
16.90 
18.75 
15.03 
15.64 
17.96 
16.90 
18.75 
15.64 

912 
944 
950 

977 
867 

819 
816 
770 
774 
705 
788 
790 
745 
749 
762 

846.7 
959.1 
990.1 

-0.6 915.9 
-6.4 937.6 
4-4.1 957.6 

974.4 
- 12.6 
4-37.2 

4-45.5 
+45.3 
+42.7 
+79.5 
f35.4 
f13.3 
+73.1 
f73.3 

+117.9 
4-27.6 

-18.9 833 -4.8 828.2 
-31.3 916 +11.8 927.8 

-3.5 890 +21.4 911.4 
0 907 +30.6 937.6 

-3.5 917 +37.1 954.1 
-0.2 934 +40.2 974.2 

964.4 
904.2 

-54.0 940 -3.9 936.1 

864.5 
861.3 
812.7 
853.5 
740.4 
801.3 
863.1 
808.3 
866.9 
789.6 

0 
62.5 74.1 
55.2 63.9 

0 
13.1 13.6 
18.9 20.3 8 
26.2 29.1 

0 
0 3 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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refined treatment, as calculated by Hush and Pryce (57) is also given 
in Table XXXN. 

It will be readily seen from the table that the values for the oxides 
given by the simple Born-Lande [Hare and Brewer (i)] and the simple 
Born-Mayer [Hare and Brewer (ii)] expressions show quite large di- 
vergences, as much as 50 kcal/mole. The differences between these values 
and the cycle values in no way parallel the crystal field stabilization 
energy and it is quite evident that the accuracy of these simple calcu- 
lations is probably less than the size of the crystal field stabilization 
term. All that can be said is that, within the accuracy of the calcula- 
tions there appears to be no evidence for any appreciable nonionic char- 
acter in bonding. It is interesting to compare this with the case of the 
fluorides of the same elements discussed in the previous section where 
the same appears to hold true. The values for a few sulfides and selenides 
are also given in Table XXXIV and it will be seen that here the differ- 
ences between the calculated and the thermochemical values increase in 
size in passing from sulfide to selenide and in passing from zinc through 
cadmium to mercury, as would be expected from considerations of de- 
creasing electronegativity in the anions and increasing ionization poten- 
tial in the cations. 

5 .  The Oxides of Some Trivalent Metals 

Sherman (1 14) has calculated the lattice energies of A1203 and Crz03. 
No other calculations appear to have been made. In Table XXXV the 
calculated values are compared with those obtained thermochemically. 

TABLE XXXV 

THE LATTICE ENERGIES (KCAL/MOLE) OF OXIDES OF THE TRIVALENT METALS 

Salt Structure Z Sherman A Cycle 
~ ~ ~~ ~~~ ~ 

AlzOs Corundum 1307.4 3708 - 45 3663 
Cr.08 Corundum 1310 3655 -113 3542 

It will be seen that in both cases the calculated values are higher than 
the thermochemical ones and that the differences are relatively small. 
This indicates the essentially ionic nature of these compounds. 

6. The O d e s  of the Tetravalent Metals 

Sherman (11.6) has calculated the lattice energies of SnOz and PbOz. 
These calculated values, together with the thermochemical values are 
given in Table XXXVI. The calculated value for SnOz is very close to 
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TABLE XXXVI 

THE L A ~ I C E  ENERGIES (XCAL/MOLE) OF THE oXIDi%S OF THE TETHAVALENT METALS 

Salt Structure I Sherman A Cycle 

SnOr Rutile 2143 2734 - 19 2715 
PbOz Rutile 2264 2620 $153 2763 

the thermochemical value, while for PbOz the difference between the 
two is about 6%. In  view of the uncertainty of the calculation this can- 
not be taken as very definite evidence of nonionic character. 

E. THE DETERJIINATIOX OF THE STABTLITY OF 

IIYPOTHETIChL COMPOL-XDS 

In 1923 Grimm and Hersfeld (46)  calculated the lattice energies of 
a whole series of hypothetical compounds. From these lattice energies 
they obtained, by the use of the Born-Haber cycle, the enthalpies of 
formation of the compounds. To obtain the lattice energies of some of 
the hypothetical compounds they used the Born-Lande equation. For 
some of the other compounds they assumed their lattice energies to  be 
equal to  those of neighboring stable compounds in the periodic table, 
for example 

UNeC1 = UNaC11 UIiaCh = UMgClt, UWgCl = UNaCll UAlClz = UMgC12. 

Now from the Born-Haber cycle 

U ~ t s .  + (n + 1)RT = AHf’M’”+(g) + nAH,OX-(g) - AHfoM’X,(~) 
(50) 

(51) 

AH,~M’X,(S) - AHfoRII”X, (s) = AHfOM‘”+(g) - AH,OM”“+ (g) (52) 

L ‘ ~ ~ ~ ~ x m  + (71 + 1)RT = AH,OM””+(g) + nAHj’X-(g) - AHf0M”Xn(s) 

and so, if L’wx, = C M ~ ~ X .  

or 

AHj0M’Xn(s) = AHfoM’”+(g) - AHjoh‘l’’n+(g) + AH~’M”X,(S). (53) 
The assumptions inherent in this are (i) that the lattices considered, 
both real and hypothetical, are totally ionic, or if not that the nonionic 
contribution is the same in each, and (ii) that the lattices have the 
same energy, that is that the ions M’ and M” have the same radius. Neither 
of tlicse assumptions can be expected to be completely true, for cxam- 
ple N a f ,  Nef and M g +  are not isoelectronic, but the deviations result- 
ing from the assumptions should be small. Though the results of Grimin 
and Herzfeld need recalculating, because of the change in the values of 
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the thermochemical quantities employed, their underlying conclusions 
remain unchanged. They calculated by the method outlined above the 
enthalpies of formation of the hypothetical monohalides and correspond- 
ing chalcogenides of the inert gases and of the alkaline earth metals, and 
of the dihalides and corresponding chalcogenides of the alkali metals 
and of aluminum as well as of other compounds. The results given in 
Table XXXVII follow their treatment, except that more modern ther- 
mochemical data are used. In Table XXXVII the monohalides are also 
considered. 

TABLE XXXVII 

ENTHALPIES OF FORMATION (KCAL/MOLE) OF MONOHALIDES AND OXIDES 

OF THE INERT GASES AND THE ALKALINE EARTH METALS 

Salt 

M MF MC1 MBr MI Mz0 

He 
Ne . 
A 
Kr 
Xe 
Be 
Mg 
Ca 
Sr 
Ba 
Zn 
Cd 
Hg 
Ga* 
In* 
A1 

255 
+208 
+I00 
+68 
+39 
- 14 
- 68 
- 69 
-78 
-73 

-58 

- 68 
- 72 
-94 

+303 
+246 
+130 
+97 + 62 
$34 
- 30 
-38 
- 49 
- 50 
-44 
- 40 
- 48 
- 45 
-41 
- 45 

+316 
+258 
+141 
+lo7 
+72 
+48 
- 18 
- 28 
- 39 
-41 
-37 
- 33 
-44 
-32 
- 27 
- 30 

+336 
+275 
+156 
+121 
+a + 67 
-1 
- 13 
- 24 
- 27 
-28 
-24 
-39 
- 13 
- 13 
-11 

$660 
+589 
+382 
+320 
$316 
+122 
+36 
+44 
+28 
+31 
- 63 
- 26 

* The values for Ga and In are based on an assigned ionic radius. 

It will be seen from this table that the monohalides of the inert gases 
all would be unstable to decomposition into their elements and so obvi- 
ously could not exist in an ionic lattice. However this is not so for the 
other monohalides all of which, with the exception of BeCl, BeBr, and 
BeI, are stable with respect to decomposition to the elements. In these 
compounds the question arises as to their stability with regard to their 
disproportionation. In the case of the alkaline earths, zinc and cadmium, 
the disproportionation reaction is 

2 MC1-t M + MC12. 
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In the case of Hg, the transition 2HgX- Hg2Xn must be considered and 
in the case of indium and gallium the disproportionation to the trihalide 
will be considered. It is interesting to note in passing that the value 
AHfoInCl = 41 kcal/mole is quite close to the thermochemical value 
quoted in the U. S. Bureau of Standards, circular 500. The enthalpies 
of disproportionation are given in Table XXXVIII. The conclusions that 

TABLE XXXVIII 

ENTHALPIEY OF DISYHOPORTIONATION (KCAL/MOI.E) OF THE MONOHALIDES 

Salt 

M MF c1 Br 

(1)  2MX+ M + l m 2  

xrg - 148 - 93 -88 
Cll - 152 -114 - 105 
Sr - 134 -100 - 93 
Bll - 140 - 106 - 98 
Zn -11  -4 
Cd - 49 -13 -9 

(2) 2HgX -+ HgZXT 
-7 - 5 

(3) 3MX -+ 2M + MX? 
Ga + 10 +6 
In -5  - 16 
A1 - 29 -31 - 36 

I 

- 84 
- 102 

- 92 
+6 
+4 

-12 
- 16 
- 42 

can be drawn from the table are very interesting. As would be expected, 
it appears that no monohalide of the alkaline earth metals is stable to 
disproportionation. However, when the monohalides of zinc and cadmium 
are considered, the enthalpies of disproportionation are much smaller 
and in fact positive values are obtained for iodides. However, the ac- 
curacy of the calculation does not permit a firm conclusion to be drawn 
and, for exact statements about equilibria, free energies are required. 
With both gallium and indium the enthalpies of disproportionation of 
the monohalides are small and in some cases positive. These are of course 
just the elements in which unipositive states, of low stability, do appear 
to occur. The experimental evidence is fairly strong for indium but 
weaker for gallium. The low enthalpies of disproportionation of. the 
aluminum halides are interesting. 

G r i m  and Herzfeld also pointed out the instability of the hypo- 
thetical dihalides of the alkali metals. The values of the enthalpies of 
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formation of these compounds together with those of some other com- 
pounds of divalent states is given in Table XXXIX. 

TABLE XXXIX 

THE ENTHALPIES OF FORMATION (KCAL/MOLE) OF SOME HYPOTHETICAL 
DIHALIDES AND THE CORRESPONDING OXIDES 

Salt 
- 

M M F? MCl, MBrz MI* MO 

Li 
Na 
K 
Rb 
CS 
A1 
CU 
Ag 

+lo61 
+403 $513 
+ 104 +204 
+39 +131 
- 30 +51 
- 185 - 65 
- 127 - 52 
- 49 +23 

+lo95 
+533 
233 

+158 
+76 
- 35 
-34 
+40 

+1133 +I037 
+580 +522 
+267 +243 + 188 
+113 +I23 

+2 -55 
-5 -37 + 67 +55 

It will be seen from the table that all the dihalides of the alkali 
metals with the exception of CsF2, are actually unstable to  their for- 
mation from the elements. CsF2 is of course unstable to  disproportiona- 
tion, the enthalpy of the reaction 

CSF~ = CSF + )Fp 

being -96.9 kcal/mole. All the hypothetical aluminum dihalides are 
markedly unstable to  the disproportionation reaction 

3 AlX? = 2 AlXs + Al. 

The well-known thermochemical values for the cupric halides are in- 
cluded for comparison with the values for the hypothetical argentic 
halides, which are seen, with the exception of AgF2, to  be unstable with 
respect to  their elements. The value for Ago is rather surprising in view 
of the stability of this compound. This is obviously an example of the 
approach breaking down because of the assumptions (i) and (ii) above 
not being fulfilled. Ago is probably not mainly ionic and is not isomor- 
phous with CdO. AgF2 is seen to  be not only stable with respect to  its 
elements but also thermochemically neutral with respect to dispropor- 
tionation. AH for 

is approximately zero. 
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F. LATTICE ENERGIES A N D  THE EFFECT OF FLUORIDES AND OXIDES 
ON THE OXIDATION STATE OF METAL SALTS 

It is a well-known truism of inorganic clicmistry that most metals 
show their highest oxidation states in their oxides or fluorides. A con- 
sideration of the lattice energies of these compounds and the Born-Haber 
cycle Kill reveal xhy  this is the case. Consider a halide MX,, then 

U + (72 + 1)RT = AHfoMn+(g) + nAH,OX-(g) - AHfoMX,(s) 

or rewriting the expression 

AHjOMX,(s) = AHfoMn+(g) + nAHj0X-(g) - U - (n + 1)RT. 

If the compound is to be formed the reaction has to be exothermic so 
that, neglecting the small term (n + l ) R T ,  if AHfoMX,2(s) is to be < 0 
then 

C > AHj0M"+(g) + nAHfoX-(g). (54) 
For all the halogens the term AHjoX-  (g) = AHjoX - I3 is not very 
different from -60 kcal/mole so that the factor determining n from 
halide to halide will be U .  The quantity U is always higher for the 
fluorides than for the chlorides; i t  will be seen from Fig. 3 that  the 
lattice energies of the transition metal difluorides are all about 60 
kcal/mole greater than those of t,he corresponding dichlorides. 

A similar argument may be applied to the oxides. Consider the coin- 
pound then 

AHfoM0,/2 = AHfoMn+(g) + iAHfo02-(g) - U (55) 

so that if the compound is to be exothermic 

U > AHfoMn+(g) i- AHj0O2-(g). (56) 

Here the lattice energy U is usually greater than that for the correspond- 
ing fluoride, for example U;\l,o = 938 kcal/mole, U M ~ F ,  = 695 kcal/mole, 
because of the double charge on the oxide ion. However this is offset by 
the value of AHf0O2-(g), which is +217 kcal/mole, as compared to approx- 
imately -64 kcal/mole for Nf0F-(g).  
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